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1 Introduction 

Abstract. We define motivic multiple polylogarithms and prove the double 
shuffle relations for them. We use this to study the motivic fundamental group 
7'"] M (G rra — /xjv), where hn is the group of all iV-th roots of unity, and relate its 
structure to the geometry and topology of modular varieties 



Y\ (m; N) := V x {m; N)\GL m (R)/R* + ■ O ri 



for m = 1,2,3,4,. 



Using this we get several new results about the action of the Galois group on 
7Ti^(G m —fijsr), and the values of multiple polylogarithms at iV-th roots of unity. 
To prove these results some new tools are developed, including the following: 
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1) We construct, under certain assumptions, framed mixed motives corre- 
sponding to periods. Here is the main example. Suppose that X is an n- 
dimensional complex variety, A and B are two divisors on X, loa £ ®-i os {X — A) 
and As is a relative cycle providing a class in H n (X,B). Consider the integral 



bJA 



(1) 



If it is convergent we construct, under some technical conditions on A and B, a 
framed mixed motive m(X; [u>a]\ [Ab]) whose period is given by integral ([!]). 

2) We prove a specialization theorem: if (u^( e \, ^B(e)) is a perturbation 
of the data defining ([j]) then in the Hodge/l-adic realization, under certain 
assumptions on (A(e), B(s)), the specialization of m(X; [ui A (e)]j [A B ( e )]) at e = 
is equivalent (as a framed object) to m(X; [lua]', [Ab]). 

These results allow us to construct the framed mixed Tate motives corre- 
sponding to multiple polylogarithms and study the corresponding Hopf algebra. 

In general a mixed motive corresponding to a period is not uniquely defined. 
However the equivalence class of framed mixed motive is supposed to be uniquely 
defined by a period. The specialization theorem is used to prove that different 
constructions lead to the same equivalence class of framed objects. This plays 
a decisive role in the proof of the motivic double shuffle relations. 

An immediate consequence of these results is a motivic proof of the week 
version of Zagier's conjecture on OK 71 ) - see section 10.13. The other proves 
were given in [BD2] and [DJ]. 

This paper is the second half of [G7] . 

1. The double shuffle relations. Recall ([G0-1]) that the multiple poly- 
logarithm functions are defined for \xi\ < 1 by the power series 



Li„ 



L (x± j • • • 3 Xjn^) 



E 

fci<...<fc„ 



(2) 



They can be written as iterated integrals as follows. Set (assuming ^ 0) 



1 dt dt 

Ini,...,n m (ai,— ,a m ) '•= / 0...0 — o 

Jo t - ai t 

ni times 

Then (see s. 12 of [Gl] or theorem 2.2 in [G7]) 



dt dt 

o o ... o 

t Q-m t 



(3) 



times 



LL 



L (x\ : . . . , X m ) ( 1) I ni : ... : n m (oi: ■• ■: Q"m) 



where 



ai := (xi...x rn ) 1 



(4) 
(5) 
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The multiple polylogarithms satisfy two sets of relations, called the double 
shuffle relations. The first, called below the 1-relations, are obtained by applying 
the shuffle product formula 

/ U 1 O..MJ p - / UJ p+1 ...UJ p+q = ^ / O ...W CT ( p+g ) 

(where E p „ is the set of shuffles of {1, ...,p} and {p+ 1, ...,p + q}) to the iterated 
integrals (Q). For example 

Ii(oi) • Ii(a 2 ) = Ii,i(ai, a 2 ) + Ii,i(a2,ai) (6) 

The second set of relations, called below the Li-relations, are obtained by mul- 
tiplying the power series (||) . The simplest of them is this: 

Lii(ac) • Lii(y) = Lii 4 (x, y) + Li 1;1 (y, a;) + Li 2 (xj/) (7) 

The integral (|J) is divergent if a m — 1 , n m = 1 . We regularize it by replacing 
Jp 1 to f Q £ and taking the constant term of the asymptotic expansion in log(e). 
The regularized integrals obviously obey the I-shuffic relations. However to 
keep the natural form of the Li-shuffle relations one needs to use a different 
regularization, and then compare the regularizations. For the multiple ^-values, 
i.e. when Xi = 1, the double shuffle relations were considered by Zagier [Zl]. 

If \xi\ > I the double shuffle relations are not even well defined as rela- 
tions between numbers because of multivaluedness of multiple polylogarithms. 
What is more important, these relations are only an analytic reflection of deeper 
properties of the corresponding geometric objects. Here is how we handle them. 

2. The story on the Hodge level. Recall the commutative graded Hopf 
algebra H, of the equivalence classes of framed Hodge- Tate structures (see for 
instance chapter 3 of [G7] ) . In chapter 5 of [G7] we defined a framed Hodge- Tate 
structure 

'^...^("ii-^le^; w := m + ... + n m , o,eC* (8) 

whose period is given by the iterated integral (||), regularized if needed. By 
lemma 6.6 in [G7] elements (||) satisfy the I w -shuffle relations. 
For generic parameters Xi £ C* we define 

\i\ ,---,n m ■••! x m) := 1 n li ... i n m (^l j •■■! Om) 

assuming that Xj's and aj's are related by (|5|). If we use this definition for all 
Xi 6 C*, the Li^-shuffle relations will not hold: for instance (|^) is not consistent 
with (Q) for x\ = X2 = 1. Therefore we use a different regularization, suggested 
in theorem 7.1 in [G3], see also s. 2.10 in [G7]: 
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Definition 1.1 For arbitrary x, € C* set 



Li n u ...,n m ( x ii"' x m) : = s Pa/ae( Li m,...,n m ( a; i( 1 -e),...,x m (l -e))) (9) 
We set Li^ lj ___ jTlm (x 1 , ...,x m ) = if xi...x m = 0. 

Here the expression under the sign Spg/g E is understood as a unipotent variation 
of Hodge- Tate structures on a small disc with coordinate e, punctured at e = 0. 
We apply to it the Verdier specialization functor Sp £=0 , getting a unipotent 
variation over the punctured tangent space at e = 0, and then take its fiber at 
the tangent vector d/de. The functor S~Pg/g e is the composition of these two 
functors. 

The specialization theorem proved in chapter 3 implies that, assuming (^), 
Li ^ 1 ,...,n m ( a; i> —i x m) = I^,..., nm (oi, ,..,Om) provided n m > 1 or x m ^ 1 
i.e. when the corresponding integral is convergent. 

Theorem 1.2 The elements Li^ (xi, ...,x m ) satisfy the Li -1 -shuffle rela- 
tions for any £ C. 



For the precise form of the Li-shuffle relations see theorem [7. 4J . It is proved 
in chapters 7-9. We first prove it for generic parameters Xj. There are two 
different methods how to do this. We explain these methods in chapter 8. To 
demonstrate how they work we give in chapter 8 two proofs of the Li^-shuffie 
relations for the double logarithm. In this case all essential problems are already 
present, while the combinatorics is still very simple. In chapter 9 we employ one 



of the methods to get theorem 1.2 for generic parameters x,. In the appendix 



we outline a proof of the same result via the other method. Then using the 



specialization theorem we deduce from this that theorem 1.2 is valid for all 
parameters Xj. 

To get the double shuffle relations it remains to compare explicitly the Li n - 
and r^-elements when n m — 1 and x m = 1, i.e. when the corresponding integrals 
are divergent. For this we need the following. 

A Hodge version of the asymptotic expansions of divergent integrals. The 
equivalence classes of framed unipotent variations of Hodge- Tate structures on 
C* form a commutative graded Hopf algebra, denoted A^(h} — {0}) (see ch. 
3 [G7]). Let £ be a natural coordinate on A 1 — {0} and log H £ the canonical 
variation of framed Hodge- Tate structures on C* with the period function logs. 
We can view log w e as an element of .4^ (A 1 — {0}). According to lemma 7.1 
there is an isomorphism of graded commutative algebras 

^(A 1 - {0}) = H. ®q Q[log w e] (10) 
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If H e is a unipotent variation of framed Hodge- Tate structures on a punc- 
tured disc, denote by [Sp e=0 ](iJ e ) the equivalence class of its specialization 
Sp e=0 (-ff e ). Then, employing the isomorphism (|l0|), we get an element 

[Sp £=0 ](# e ) = Y, H 0) ■ (W £ Y 6 W- ®Q W°g W £ ] 

i>0 

It is the Hodge version of the asymptotic expansion of the period function. Its 
fiber over the tangent vector d/de coincides with the constant term H( y 
The two regularizations and the comparison theorem, a) Denote by 

l n 1 ,...,n m (°1 : ■■• : a m~l ■ O-m ■ (1 ~ s)) (H) 

the framed Hodge- Tate structure corresponding to the iterated integral (||) 
where J Q changed to f e . It has been defined in chapter 5 of [G7]. Consider 
the unipotent variation of framed Hodge- Tate structures over a small punctured 
disc with coordinate e, whose fiber at e is ([[l])- Let 

T^ l! ... ! „ m (a 1 ,...,a m )e^(A 1 -{0}) (12) 

be the equivalence class of the framed unipotent variation of Hodge- Tate struc- 
tures on the punctured tangent space obtained by specialization of the family 
(p"H). Its fiber over d/de is the framed Hodge- Tate structure (^), by the very 
definition of (||). 
b) Set 

Li nit ... tnm (xi,...,x m ) := (13) 
[S Pe=0 ] (ii^^Ml - e), ...,x m (l - e))) G A™ (A 1 - {0}) 

The constant terms of the expansions ([l2]) and (|l3|) are given by the elements 
(|) and @ which we want to compare. An explicit formula for the coefficients of 
expansion dl3) via multiple polylogarithms is given by lemma 6.7 or proposition 

2.14 in [G7]. So to compute Li w via I u we need to compare Li with l n . 
Set C, n {n) '■= Li^(l) and similarly with hats. For example 

( n (l) = U H (l) = U H (1 -e) = - log w (e) 

Definition 1.3 L is the Jit-linear endomorphism 

L : H. ®q Q[log w e] — » W. ®q Q[log w e] 
determined by the following equality of formal power series in u: 

EL ( (log « £r ).^ :=exp (_f; ( _ ir ?M„.) 

n>0 \ n=l / 
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Theorem 1.4 For any Xi G C* one has, assuming (Q), 



- H 



Li ni,...,n m ( ar l) -J^m) = L ° ^i,...,^ ( a l> •••i«m) 



Our proof of theorem 1.4 follows the approach developed for the multiple 
polylogarithms functions in theorem 7.1 in [G3], see also s. 2.10 in [G7]. 

A similar comparison formula for the multiple ^-values was obtained by Za- 
gier (it is documented in [IK]) and later independently by Boute de Monville 
(and documented in [R]). However their approach seems to have no Hodge/motivic 
interpretation. 

Summarizing, combining lemma 6.6 from [G7] giving the I w -shuffle rela- 



tions, theorem 1.2, and theorem 1.4 we get the double shuffle relations for the 
equivalence classes of framed Hodge- Tate structures corresponding to multiple 
polylogarithms. 

We suggest that when Xi G fiN these relations, combined with the distri- 
bution relations, should provide most of (but in general not all) the relations 
between the multiple poly logarithm Hodge- Tate structures with a;, G fiN- In a 
contrast with this, if Xi G C they provide only a little part of the relations. 

3. The motivic and etale versions of the story. Let F be a number 
field. Then there exists an abelian category A4t(F) of of mixed Tate motives 
over F (see chapter 5 of [G9] or [LI]). The objects of this category carry 
canonical weight filtration W,. The category Mt{F) is equipped with canonical 
fiber functor 

u : X — ► 9 n Hom(Q(-n), Gr^X) 

This fiber functor provides an equivalence of the category Mt{F) with the 
category of finite dimensional graded comodules over the fundamental Hopf 
algebra A m (F). Here A,(F) is a commutative Hopf algebra over Q graded by 
the integers n > 0. The elements of A n {F) can be understood as the equivalence 
classes of the framed objects in the category A4t(F), see ch. 3 of [G7]. 

Suppose that ai G F* and m are arbitrary positive integers. We define 
geometrically framed mixed Tate motives over F 

^,...,n m ( a i>—> a m) e Av(F); w :=n 1 + ... + n m (14) 

and 

LC.^^i,...,^) G A w (F); (15) 

For any complex embedding a : F =— > C the Hodge realization of (^) is given by 
nm (a(ai), ...,a(a m )), and similarly for the elements (p^[). We prove that 
the motivic multiple polylogarithms satisfy the double shuffle relations. The 
proof of the I^-relations given in [G7] is motivic. For generic x% the proof of the 
Li-relations given in chapter 9 is also motivic. However in some special cases the 
result is deduced from the Hodge realization using the injectivity of regulators. 
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Theorem 1.4 provides an explicit formula expressing Li w - via the I w -elements. 
It implies, using the in jectivity of regulators, the same kind of formula relating 
the ~Li M - and I^-elements. 

The Li-shuffle relations are obvious for the power series (Q), but deliver 
surprisingly nontrivial information on the motivic level. For example if Xi are N- 
th roots of unity they provide the most sofisticated information about the action 
of the motivic Galois group on the motivic fundamental group jr^(G m — Miv)- 
In the 1-adic realization they provide constraints on the image of the absolute 
Galois group acting by automorphisms of 7r^(G m — fiw)- 

Suppose now that F is an arbitrary field such that ^ F* . Then we define 
framed 1-adic mixed Tate Gal(F/.F)-modules 

Lin*,... ) (16) 

related to multiple polylogarithms and prove the 1-adic version of the double 
shuffle relations for them. When Xi are elements of a number field F the framed 
G al ( F / F ) -mo dules ( |l6| ) are given by the 1-adic realization of their motivic coun- 
terparts p4 ) 

4. The higher cyclotomy and cyclotomic Hopf algebras. Let £jv '■= 

exp(2iri/N). We define Z^^n) as the Q-vector subspace of A w (Q(Cn)) gen- 
erated by the elements 



LC ) ...,„ m (C-,a m )eA«(Q(Civ)), w = m + ...n m (17) 

and set Z^ 4 (fi N ) := ® w >oZ^ l (^ N ). 
Theorem 1.5 Z^^in) is a graded Hopf algebra. 
Recall 

S N :=Spec(Z[Gv][^]) 

By the very definition Zj^/ijv) is generated by cyclotomic N- units 1 — so 

Zy(v N ) = 0*{S N )®Q (18) 

We call Z,([In) the level N motivic cyclotomic Hopf algebra, and suggest its 
study as the goal for higher analog of the theory of cyclotomic units. 

Recall the commutative Hopf algebra A,(Sn) classifying the abelian cate- 
gory Mt(Sn) of mixed Tate motives over the scheme Sn (see chapter 3 of [G7] 
or [DG]). 



Theorem 1.6 Z^{^ N ) is a Hopf subalgebra of A*(S 



N 



Theorem 1.6 provides a strong bound from above on the size of the cy- 
clotomic Hopf algebra Z^^n). Indeed, the Hopf algebra A,(Sn) has the 
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following structure. Consider the free graded Lie algebra generated by the vec- 
tor spaces K2u-i{Sn) <8> Q sitting in the degree — n, when n = 1,2, 3, .... Then 
A*(Sn) is isomorphic to the graded dual to the universal enveloping algebra 
of this graded Lie algebra. In particular the algebra structure of A,(Sn) is 
described as follows. 

Proposition 1.7 The algebra A,(Sn) is isomorphic to the tensor algebra gen- 
erated by the graded Q-vector space 

Ci^-i(%)®Q (19) 
and equipped with commutative multiplication provided by the shuffle product. 
By Borel's theorem 



dim# 2t0 -i(Z)®Q = 



and for N > 2: 

dimi^2tu-i(5'7v) ® 1 




w: even 

1 w > 1: odd 

w. even 

1 w: odd 



W > 1 

p(JV) - 1 w = 1 



where p(iV) is the number of prime factors of N. 

Recall ([G7]) the Q-vector space Z w (hn) spanned over Q by (27rz) — ™ times 
the values of weight w multiple polylogarithms at N-th. roots of unity. (We take 
into account all brunches of the corresponding multivalued analytic functions). 
Then Z(fipj) :— UZ w (iin) is a commutative algebra filtered by the weight. 

Theorem 1.8 a) There exists canonical surjective algebra homomorphism 

Z?(m) — Gr^Z(tx N ) (20) 
b) The algebra Gr^ Z([An) is a subquotient of the algebra A»(Sn)- 

The part b) follows immediately from the part a) and theorem [Lg . 

A considerable part of the proof of this theorem is contained in [G7]. In 
particular we constructed there a homomorphism ( |20| ) with Z^^/in) replaced 
by Z^^n). Combined with the given above explicit description of the algebra 
A»(Sn)i theorem 1.8 implies strong estimates from above for dimGr^ 7 Z(Sn) 



discussed in [G5]. In particular in the case N = 1 this completes the proof of 
theorem 1.2 in [G5]. Another proof in the N = 1 case was suggested by T. 
Terasoma [T]. 
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5. The cyclotomic and dihedral Lie algebras. The space of indecom- 
posables 



has a natural structure of a graded Lie coalgebra over Q. The cyclotomic Lie 
algebra G^ 4 (^in) is defined as its graded dual. 

There is a depth filtration on the cyclotomic Hopf algebra such that 
the depth < d part is generated by the elements ( p7| ) with m < d. It induces 
the depth filtration on the cyclotomic Lie coalgebra and algebra. The depth 
filtration is compatible with the weight grading. Taking the associate graded 
for the depth filtration we get bigraded Lie coalgebra and Lie algebra over Q: 

:= Gr D (C M (M) , CftOitf) := Gr D (G^n)) 

Recall the dihedral Lie algebra D. l ,(G) of a commutative group G. It was 
defined [G3] or chapter 4 of [G4] as the graded dual to the dihedral Lie coalgebra 
D m,»(G). This Lie coalgebra is generated by the symbols 

lni,...,n m (9u— >9m)> 9i € G ; n i > 

subject to certain relations. The relations reflect the double shuffle relations 
projected onto the space of decomposables and considered modulo the lower 
depth terms, and the distribution relations. Let us define a map 2? #i ,(jUv) — ► 
C^I(mjv) by setting (oj £ fi N ) 

) — (21) 

%i n m ( a ij ■•■■> a m) modulo depth < m terms and products 
where the right hand side is defined via (114) . 



Theorem 1.9 Formula ({2j\ ) provides a well defined surjective homomorphism 
of bigraded Lie coalgebras 

: X>.,.(A*tf) — ► C%(ji N ) 

This theorem reflects the following two basic facts: 

a) we have the motivic double shuffle and distribution relations, 

b) the cobracket in the dihedral Lie coalgebra is compatible with the coprod- 
uct of the elements (^) explicitly computed in chapter 6 of [G7]. (In fact our 
definition of the cobracket in [G3] was suggested by that calculation). 

Theorem 1.10 There are canonical isomorphisms 

V^Jpn) = K 2w _ 1 (Q(C N )) <g> Q = 
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For the first isomorphism see in s. 7.2 of [G4]. The second follows from the 
results of [BD2], or easily deduced from the results of this paper, see section 
10.12. 



Combining theorem 1.10 with theorem 1.6 and description of the fundamen- 
tal Hopf algebra A, (Sn ) , we conclude that the Lie algebra C^ 4 (/j,n ) is generated 
by its depth one component given by the graded vector space ( |l9|) . 

Conjecture 1.11 The map v^\{^n) is an isomorphism for either N — 1, or 
N = p is a prime and w = m. 



Theorem 1.12 Conjecture 1.11 is true for m < 3. Thus the double shuffle 
relations provide all the relations between the elements Li^ 1 n m (Cp 1 > ■••! Cp m ) 
for m < 3 if N — 1 , or if N = p is a prime and n» = 1 . 

This follows from the results of [G4] and c hapter 10 below. The results of [G10] 
give a strong evidence for conjecture |l.ll| for m — 4. 

6. The cyclotomic Lie algebras and geometry of modular varieties. 



Theorem L9 is the crucial step on the way to a mysterious correspondence 
between the structure of the cyclotomic Lie algebras and geometry and topology 
of modular varieties. We defer the detailed discussion of the geometric aspects 
of this correspondence to [G10]. Several constructions have been described in 
[G3] , [G4] and especially [G5] . Here is a very brief outlook. 

The rank m modular complex M?^ is a complex of GL m (Z)-modules 

M (m) > M (m) > ■■■ > M (m) 

which we defined in [G3], see also s. 2.5 of [G4], If m — 2 it is isomorphic to the 
chain complex of the classical modular triangulation of the hyperbolic plane. 

Denote by A^ m W \G*» the bidegree (m, w) part of the standard cochain com- 
plex of a bigraded Lie (co)algebra Q„. Set 

C#(Mp) -C. M .(M P )eQi,a 
where Qi^ is the one dimensional Lie coalgebra of the weight-depth (1, 1). 
Theorem 1.13 For m > 1 there exists canonical surjective map of complexes 
»*m- lW (N) : M ( * m) ® ri(m;W) S w - m V m — > A* m C^(vn) ■ 



This theorem is an immediate consequence of theorem 1.9 and the following 
result proved in [G3], see also [G10]: for m > 1 there is canonical surjective 
map of complexes 

V* m;w (N) : M* (m) ® Tl(m , N) S w - m V m — » A* {mtW) V..( m ) 

It is an isomorphism when N — 1, or when N = p is a prime and w = m. 
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Conjecture 1.14 Let N — 1, or N = p is a prime and w = m. Then the map 
lAn-w^N) is an isomorphism. 

Let Ti(m;p) C GL m (Z) be the subgroup stabilizing the vector (0, ...,0,1) 
modulo N. Denote by e m the one dimensional GL m (Z)-module given by the 
determinant. The results above allow to replace G»%(ij>n) by C^(^at) every- 
where in [G5] where the structure of the Galois Lie algebra G*[(p-n) was related 
to modular varieties. Here is a sample. 

Theorem 1.15 One has for a prime p > 5 

Hk,2)@ttM) = H^ 1 (T 1 (2;p),e 2 ); i = 1,2 

ff(3,3)(C^.(Mp)) = J ff i (r 1 (3;p),Q); i= 1,2,3 

7. The motivic torsor of path V M (G m — ^n',vo,vi) and the cyclo- 
tomic Hopf algebra. Let t be the canonical coordinate on P 1 — {0,1, oo} 
and i>o , v\ the corresponding tangential base points at and 1 . Denote by Woo 
the tangential base point at infinity provided by the local parameter t _1 . The 
motivic torsor of path V M {Gr m — ^at;w ,wi) is a pro-object in the abelian cat- 
egory of mixed Tate motives over Sn- It is defined in [DG]. Its more explicit 
geometric construction is given in section 6.3 below. Namely, consider the dual 
to the associate graded for the weight filtration 



'Gt w V m (G m — (j,n ;vo,vi)j V (22) 



as an Ind-object in the category of pure Tate motives. Recall that A, {Sn) 
is a Hopf algebra in the same category. In section 6.3 we define explicitly a 
coaction of the Hopf algebra A,(Sn) on (p2|). Therefore we get an Ind-object 
in the category of mixed Tate motives over Sn- An immediate corollary of this 
construction is the following important result. 



Theorem 1.16 The Ind-object ( ]2!l\ ) is a comodule over the cyclotomic Hopf 
subalgebra Z^^n) C A,(Sn)- Moreover Z^^n) acts cofreely on 

The proof uses the properties of the Hodge version of the motivic torsor of 
path established in theorem 1.6 in [G7]. 

The grading of Z^Ihn) provides an action of G m on the prounipotent 
algebraic group scheme Spec-Z^ 1 (pn)- Theorem 1.16| just means that the image 



of the motivic Galois group acting on V (G m — /ijv;vo,vi) i s given by the 
semidirect product of G m and SpecZj v< (/ijv). 

Theorem 1.17 a) The motivic Galois group acts onV M (Gr m — fiN',vo,vi) and 
on TTi /i (G m — /in', v £ ), where e £ {0, 1, oo}, via the same quotient. 

b) This quotient is the semidirect product of G m and SpecZj v< (/i7v). 
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Observe that the map z i — > z 1 provides an isomorphism ir^ 4 (G m — /^at; vq) — 
^(Gm — /in', Voo). Therefore the part b) of this theorem follows from the part 



a) and theorem 1.16 



8. Applications to the Galois action on irf 1 (G m — AW «oo)- Theorem 
|l.l7| in the 1-adic realization provides an important new information about the 
action of the absolute Galois group on the pro-1 completion 7r^ ^(C^m — l^N \ ^oo) 
of the fundamental group. This combined with the results outlined in s. 1.6 
allows to relate the structure of the Galois module 7r{ ! '(G m — /j^; v<x>) with the 
geometry of modular varieties. Here is a more detailed account. 

Let 1$ be the 1-adic pro-Lie algebra corresponding to tt| ' (G m — /ijv , ^oc ) via 
Maltsev's theory. The Galois group Gal(Q/Q(C;~Ar)) acts by automorphisms of 
7Tj and hence of , providing a homomorphism 

Gal(Q/Q(0»iv)) — ► AutL# 
Let Gjy be the linearization of the image of this map: 

g$ := limLie (im (Gal(Q/Q(0~jv)) 



AutL$ [m] 



where L[m] stays for the quotient of a Lie algebra L by the m-th lower central 
series ideal. Therefore 

G® C DerL« 

The natural weight filtration on Ljy coincides with the lower central series 

filtration. It induces the weight filtration W, on DerL^, and hence on g$ . 
The weight filtration admits a splitting compatible with the depth filtration 

J$ and hence on gff 



(sec [G4] ) . There is also the depth filtration on 1$ and hence on g^} 



L (l) 

N ■ 



The 1-adic realization of 7np(G m — fJ-N, Voo) is given by the Galois module 



Theorem 1.18 a) There is canonical isomorphism of Lie algebras 
b ) This isomorphism is compatible with the depth filtration. 



It follows from theorem 1.16 , the Tannakian formalism and general proper- 
ties of the 1-adic realization functor on the category Mt(F). 

Let gi%(uN) be the associate graded for the depth and weight nitrations. 



Theorem 1.18 implies an isomorphism 



Combining this with theorem l.£ we get the following result stated in conjecture 
1.1 in [G4J: 
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Theorem 1.19 There is canonical inclusion 



£^ 3 .(Mjv) --»D.,.(/*w)<»Qi 
Now we turn to more technical aspects of the paper. 

9. Periods and framed mixed motives. The integral (§) is a typical 
example of a period. Here are the simplest examples: 

2 dt f dti dt 2 



log(2) = / — ; C (2) = / ^-j- A 

A period is supposed to come from the Hodge realization of a uniquely defined 
equivalence class of framed mixed motive. 
Let 

oj a (23) 

be a convergent integral of a differential n-form uja on a complex variety X with 
logarithmic singularities at a divisor A over a relative cycle As representing a 
class in H n (X, B), where B is a divisor on X. Let us suppose that 

the divisors A and B have no common irreducible components (24) 

and the divisor A U B is a normal crossing divisor. Then setting Ba := B — 
(B n A) we define the corresponding mixed motive by 

H n (X-A,B A ) (25) 

It has a natural framing coming from classes [oj a]] [Ab]- Denote the correspond- 
ing framed mixed motive as well as its equivalence class by m(X; [oja]] [As]). 

In general construction of the corresponding framed object is neither unique 
nor obvious even the Hodge realization - see the next section for discussion of 
C(2). Here is a general method. 

Let 7r : X — > X be a blow up of X transforming the divisor A U B in X to 
a normal crossing divisor D in X. It provides an isomorphism 

7T° : X - D X - A LIB 



Let d Ab be the boundary of Ab, so d Ab C B(C). Then the open part 

A B := Ab — OAs sits inside of the set of complex points of X — A U B. Using 

the isomorphism 7r° we identify with an open cell in the set of complex 
^ — o 

points of X — D. Denote by A B its topological closure there. The Zariski 
closure of the boundary dA B is contained in D. Let B be the smallest union of 
the irreducible components of D containing it. 

The form uja is a regular differential form on X — A with logarithmic sin- 
gularities at A. The isomorphism ir° identifies u>a it with a regular differential 
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form Qa on X — D. It automatically has logarithmic singularities along the 
divisor D. Let A be the actual divisor of singularities of Qa- Suppose that in- 
tegral ( p3| ) is convergent. Then one can show that the crucial condition ( pi} ) is 
satisfied. A detailed elaboration of this construction in the case of the multiple 
zeta values see in [GM]. It works equally well for all multiple polylogarithms. 

However in this paper, aiming to the specialization theorem, we choose a 
different approach. It uses perverse sheaves on X instead of blow ups of X 
to construct Hodge/etale realizations of the mixed motive related to a period. 
Here is a more detailed account. 

In chapter 2, for so-called admissible pair of divisors (A,B), we produce a 
framed mixed Hodge structure whose period is given by the integral (|lj). More 
precisely, we construct a perverse sheaf of geometric origin J-\ B on X such that 

H°{X,TXb) 

is equipped with a natural framing corresponding to the given cohomology 
classes [w A ] € H n (X - A) and [A B ] E H n (X;B). We define T* A B as H° 
for the perverse ^-structure of an object T* A „ B € D$ h (X). 

Let 7r : X — > Spec(F) be the canonical projection. In chapter 3 we show 
that, assuming a condition on AUB valid in all examples through the paper, the 
object Rtf* T\ ^ s is of geometric origin. This means that they are realizations 
of certain objects of the triangulated category VAi f of mixed motives over F 
constructed in [V] and [L]. 

If F is a number field and the divisor A U B provides a Tate stratification of 
X we define H°(X; T* A B ) as an object of the abelian category Mt{F) of mixed 
Tate motives over F constructed in chapter 5 of [G9]. 

Often there are many constructions of framed objects with the same period, 
and it is important to know that they lead to the same equivalence class of 
framed objects. Here is how we can face such a situation. Suppose that we 
have a deformation (u>A(e)i ^B(e)) such that A{e) U B(e) for e / is a normal 
crossing divisor satisfying (^4|). Suppose that as e — > the limit of the data 
(A(e), B(e), [lua( £ )], [A B r e \]) exists and coincides with the one (A, B, [uia], [Ab])- 
So in particular 

lim / ujaIe) = ua (26) 
e ^°Ja b(s) Ja b 

Then the specialization Sp g / dE m(X; [^(e)]; [^s(e)]) is a framed object whose 
period is given by ((2^). Taking different perturbations we get different mixed 
objects. Nevertheless in chapter 4 we prove that, under certain assumptions, 
the equivalence classes of the obtained framed objects are the same. (In fact 
there is no need to assume that A(e) U B(e) is a normal crossing divisor for 
e^O.) 

We construct the motives corresponding to periods by resolving singularities 
and then using construction (Eq). 
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Our specialization theorem provides an efficient way to compute the coprod- 
uct for the framed mixed object corresponding to a degenerate admissible con- 
figuration (A,B): take a generic deformation (A(e), B(e)), compute explicitly 
the coproduct for £ ^ 0, and take the specialization when e — > 0. 

Here are some applications. In chapter 5 we apply the results above to 
provide motivic treatment of Aomoto polylogarithms. In chapter 6 we use the 
results of chapters 2-4 to study the torsor of path between the tangential base 
points on a curve. In particular we define the framed mixed Tate motives 
corresponding to the classical polylogarithms and compute the coproduct for 
framed these objects, see section 10.12. This implies the weak version of Zagier's 
conjecture on CiK n )- 

10. An example: the motivic double logarithm. To explain the nature 
of the problem we discuss below the simplest nontrivial example: construction 
of the framed mixed Tate motive corresponding to double logarithm 



Ii,i(ai,a 2 ) 



/ 

Jo< 



dt x 



A 



dto 



(27) 



/o<ti<t 2 <i *i - ai *2 - a 2 
i) Let us suppose first that 

oi,O2^{0,l} (28) 
Consider the following two divisors in the plane X with coordinates (ii,i2): 
A := {h = on} U {t 2 = a 2 }; B := {h = 0} U {h = t 2 ] U {t 2 = 1} 











B / 








A 



t 2 =1 



t 2 = a 2 



Let B A := B - B n A. Set 

m(0;ai,a 2 ;l) := H 2 (X - A, B A ) 

Then, if F is a number field and oi, a 2 G F, this is a mixed Tate motive over F 
with a natural framing. One component of the framing is provided by 

• ' //| /\ _J^2l — j . Q(— 2) — > Gi^ H 2 (X — A) = GrY H 2 (X - A, Ba) 



ti — a\ t 2 - a 2 
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The other is given by canonical isomorphisms 

Q(0) = Gr^H 2 (X, B A ) = Gr^ H 2 (X - A, B A ) 

In the Betti realization it looks as follows. Choose an embedding F C, so we 
may assume a\, a 2 G C. Let 7 : [0, 1] — > C — {ai, a 2 } be a path between and 1. 
Then 7(A 2 ) cC 2 - -A(C) provides a relative homology class [7(A 2 )] generating 
Gr™H 2 (C 2 -A(C),B A (C)). 
ii) Now suppose that 

a\ ^ 0; a 2 ^ 1 

This is precisely the convergence condition for the integral (p7|). 

Observe that H 2 (X — A,B A ) is always a mixed Tate motive. However it 
has Gr^ = if a x = or a 2 = 1, e.g. for ((2). Indeed, in these cases one of 
the vertices of the triangle 7(A 2 ) has been removed, so there is no relative cycle 
needed as a frame component. 




The £(2) picture: the shaded B-triangle 

does not provide a relative class in H 2 (X-A,E^ ) 



In any realization one can overcome this problem by setting 

m(0; ai ,a 2 ;l):=H 2 (X,F AtB ) (29) 

where Ta,b is an object of the corresponding derived category of sheaves on X 
defined as follows. Take the constant sheaf Q(0) on X — [A U B) and extend it 
first by full direct image into A — (AD B), and after that by Rj\ into B, where 
j : X — B X. Then we get a framed mixed object in any realization which is 
isomorphic to the realization m(0; a%, a 2 ; 1) if ( p8[ ) is valid. However since so far 
there is no theory of motivic sheaves we can not interpret the right hand side 
of (|29| ) directly as an object of the triangulated category of motives over F. 

Therefore we choose a different strategy. Let X be the blow up of the plane 
X at the vertices (0,0) and (1,1) of the triangle B. The preimage B of the 
triangle B is a divisor having shape of the pentagon. 
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Denote by A the strict preimage of A on the blow up. Then A does not contain 
any vertex of the algebraic pentagon B. It follows that the mixed Tate motive 

m(0;o 1 ,a 2 ; 1) := H 2 {X - A,B A ); B A :=B- {B n A) 

does have a natural framing. It is canonically isomorphic to (|29|). 

In particular when a\ = 1, a% = we constructed a motivic avatar for C(2). 

iii) When a\ — or a 2 = 1 we define the Hodge or 1-adic realization of 
m(0; Oi, a 2 ; 1) by using the specialization of m(0; x, y; 1) when a; — ► or y — ► 1. 
The computation of the specialization given in lemma 6.7 in [G7] (see also 
propositions 2.14 and 2.15 loc. cit.) dictates the formulae 

m(0; 0, 1; 1) = m(0; 0, 0; 1) = m(Q; 1, 1; 1) = 0, 

m(0; 0, a 2 ; 1) = — m(0; a 2 , 0; 1); m(0; ai, 1; 1) = — m(0; 1, a\; 1) 

We use them as a definition of the framed mixed Tate motives m(0; a\, a 2 ; 1) in 
the case a\ = Q or a 2 = 1. 
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2 Framed perverse sheaves related to periods 



1. The language of perverse sheaves [BBD] . Let X be a variety over a filed 
F. Below Dg h (X) stays either for Saito's bounded derived category D^X) of 
mixed Hodge sheaves on X (when F = C), or for the bounded derived category 
D b et (X) of constructible etale 1-adic sheaves on X. For a regular irreducible 
variety Z denote by 5z(k) the perverse sheaf Qz[dimZ](/c) where Qz = p*Q (or 
p*Qi in D h et (X)). Here *(k) means the Tate twist. For a map / : X — ► Y we 
denote by ft, /*, / ! , /* the functors between the derived categories D$ h (X) and 
Z)g h (y). The notation R n j\T is used for the n-th cohomology group of f\T. 
Denote by V S \SX) the category of perverse sheaves in D^ h (X). 

Let i :Y ^> X, U := X — Y and j : U X. Then there are standard exact 
triangles 

G' -^j*j*G' ^m-G'[1] (30) 
iJ*G'[-l] — -^G' (31) 

Now let Y be a codimension m regular subvariety of a regular variety X. Then 
rQx = Q Y [-2m]{-m), i*Q x - Qy (32) 

So 

r8 x = Sy[— Tn](— m), i*Sx = <$y[m] (33) 
Therefore there are exact triangles 

Sx — >jJu — > 5 Y [-m+ l](-m) (34) 

S Y [m - 1] — ► — > S x (35) 

In particular if Y is a regular divisor in X there are short exact sequences of 
perverse sheaves 

— > 5 X — » j*^) — ► <V(-1) — » (36) 

— ► <5y — ► ji (S^^Sx^O (37) 

The perverse mixed Hodge sheaves are equipped with canonical weight filtra- 
tion W». We use the standard convention for the weights: w(X[n]) = w(X) + n. 
By purity for a regular projective variety P and a pure perverse sheaf T a of 
weight a the weight of H l {P, To) is i + a. The weight of <5y(— k) is dim(Y) + 2k. 

Let C>i and 02 be two sets of isomorphism classes of objects of a triangulated 
category. We define a new set 0\ * O2 of isomorphism classes of objects so that 
F G C>i * 02 if and only if there exists an exact triangle X — ► Y — ► Z with 
X G 0i and Z G 02- We say that an object is glued from the set of objects 
{Ai} if it is isomorphic to an object from {Ai} * ... * {Ai}. 
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Lemma 2.1 Suppose that a perverse Stale l-adic sheaf T on X is glued from 
the objects 5ci{m) where X and d's are regular and defined over a field F. 
Then T has a natural weight filtration. 

Proof. If X is defined over a finite field F q there is a weight filtration on 
perverse sheaves, see [BBD]. We use the reduction to a finite field to deduce 
the lemma from this. One can find a model of X and Cj's over a ring O which 
is finitely generated over Z. Choose a generic i^-point i £ : SpecF q SpecC 
Denote by X,d the reduction of the schemes X, C\ modulo the maximal ideal 
of O corresponding to i e . For generic /^-points e the restriction functor i* 
commutes with the standard functors. In particular this implies that 

£a;4(5y(n),c5 z (m)) = Ext^(S Y (n), %(m)) 

The group on the right vanishes when w(<5y(n)) < w(Sz(m)). It remains to use 
lemma 5.3.6 in [BBD]. The lemma follows. 

2. Perverse sheaves corresponding to an admissible pair of divi- 
sors. The stratification of X defined by a divisor D. Let I? be a divisor whose 
irreducible components fl„ i e A, are divisors. For each point x £ X let I x 
be the set parametrizing all irreducible components of D containing x. The 
subvariety formed by all x G X with given I x = I is called the I-stratum defined 
by£. 

Regular stratifications. We say that the stratification defined by the divisor 
D is regular if all /-strata are irreducible, and the closure of any stratum is a 
regular subvariety. The closure of the /-stratum is Di :— Pi^iDi. 

Admissible pairs of divisors and their faces. Let X be a regular projective 
variety over a field F of dimension n, A and B are two divisors. Let 

A = A x U ... U A s ; B = B 1 U...l>B t 

be the decomposition of A and B into irreducible components. For subsets 

/ = {h,...,i k } C {l,...,s}; J = {ji,-,ji} C {l,...,t} 

we set A j — A il n ... fl A ik and Bj = Bj 1 n ... fl Bj t and call them the A- and 
B-faces. 

Definition 2.2 A pair (A, B) is admissible if the divisor A U B provides a 
regular stratification of X , and no A- and B-faces coincide. 

We allow the A-faces to be subvarieties of .B-faces of positive codimension, 
and vice versa. We assume that the pair (A, B) is admissible. 
Pure A and B- strata. Set 

A® := Aj — {union of all codimension > strata of Aj} 

and similarly Bj. We say that A® and Bj are pure A- and B- strata. 
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Observe that in general A- or B- faces are not strata. They are closures of 
the corresponding pure A- and B- strata. 

Let U := X - (A U B). We define an object T' A B e D h sh (X) as a certain 
extension of Su to X. This is done by an inductive procedure consisting of 
n = dimX steps. Namely, consider open subsets 

U(k) := X — all codimension > k strata, 

so 

U = U(0) ^ U(l) <-> ... <-> U(n - 1) ^ U(n) = X 

Then U(k) — U(k — 1) is the disjoint union of the codimension k strata of three 
types: pure A-strata, pure B-strata, and mixed strata. 
We define the extension to codimension k strata functor 

E* k : D b sh (U(k - 1)) — D b sh (U(k)) 

as the extension by j* to all pure codimension k yl-strata and mixed strata, 
followed by the extension by j\ to all codimension k pure B-strata. Precisely, 
consider an open subset 

U k ■= U(k — 1) U all codimension k pure A-strata and mixed strata = 

U (k) — all codimension k pure £?-strata 

Then we have 

U(k-l) & € U(k); ET k :=j%j£ 

Set 

•?~A,*,B : = E*...E%E*6u = jndn*---jv.JlJu 

and consider the perverse sheaf 

-77* ttO 

•> A,B ■— rl T- r A,*,B 

where H* are the cohomology groups with respect to the ^-structure on Dg h (X) 
providing the abelian category of perverse sheaves on X. 

One can define a similar functor E\ by using the jt-extension to the mixed 
strata. In particular set 

More generally, on can define similar objects by using either E' k or E k for each 
given k. 

Remark. Since the strata of different types are disjoint, the extensions by 
j\ and by j* commute. Therefore 

*F'a,B — ^*B,A 
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where * is the duality functor. 

The frame morphisms. Let ja '■ X — A '—y X, js '■ X — B <—* X. Set 

•F A '■= 3A»&X-A\ Fb '■= jB\Sx-B 

Lemma 2.3 There are canonical morphisms 

J~B ► A,B > ^A.B > •'A (38) 

Proof. Let us define the map a. We define by induction the maps 

a-k ■ Resu(k)^A,*,B — ► Rest/(fc) J 7 ^ (39) 

and set a := H®a n . The map ao is the obvious isomorphism. The map a k 
is constructed by combining the following two general observations, which will 
also play an important role below (especially in chapter 3). 

i) Suppose that Q* € D^ h (X) and there is a map 

Res u{k _ 1} G' — >Res u{k _ 1) J r A (40) 

Then we have a map 

j^Resu(k-i)S' — > Resc/A(fe-i)^4 (41) 
given by applying j£ to @: 

J^*RfiS(/(fc-i)S* — ► j'jfctRest;(fc-i)-?vi = Res [/ A (fc _ 1) ^ 4 

ii) Suppose that C/* e D^(Jf ) and there is a map 

Res [/ A (fe _ 1) ^' — > Res [/ A (fe _ 1) J r A (42) 

Then we have a map 

j^Res^Af^^^g' — > Res [/ (fc)J r A (43) 

given as a composition 

j|Res c/ A (fe _ 1) g' S j^ResjjA^^TA = 3u3h ^*u(k) ?A — ► Res c/(fc) J^ 4 

The last map is the adjunction morphism. 

Combining the constructions i) and ii) for Q* — T\ „ B we get the map a k - 
The map /3 is defined using the duality * interchanging the role of A and B 

divisors. The map c is defined using the canonical morphism j\ — > for each 

extension to a mixed stratum. The lemma is proved. 

3. The structure of H°(X : !F\ B ). We are going to study the following 

perverse sheaves: 

^A,B^A,B^A,^B (44) 
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Proposition 2.4 Suppose that (A,B) is an admissible pair of divisors on X. 
Then each of the objects fcjfy is glued from Sc{~m), where C runs through the 
strata of the stratification defined by AU B, and < m < codimjf C . 

Proof. If F : C\ — > C2 is a triangulated functor between triangulated 
categories, an object X is glued from the objects {A,}, and every object F(Ai) 
is glued from the set of objects {Bj}, then F(X ) is glued from {Bj}. So using 
(|34|)-([35|) we see that each of the objects ( ^ ) is glued from 5c(— m)[p] where 
< m < codimxC. Further, one easily proves by induction that if an object of 
an abelian category A is glued from the objects of the derived category 

D b (A) where Ai £ A then it is glued from those of these objects which belong 
to A, i.e. have pi = 0. Since objects ( |4^ ) are from the abelian category of the 
perverse sheaves the proposition follows. 

Let us set 

dw(Sc(—rn)) = dim^C + m = w(Sc(m)) — m 



Proposition 2.5 Suppose that Y and Z are two closed irreducible regular sub- 
varieties of a regular variety X . Then in Vsh(X) one has 

Homx{5Y{n), 5z(m)) — unless Y = Z , n = m (45) 

B^(i5y(n),<5z(m)) = ifdw(S Y (n)) < dw{8 z (m)) 
Ext 1 x {5Y{—n) 1 8z{—rti))=Q if m > n 

Proof. The objects are irreducible, thus we have the first statement. 

The case Y = Z is clear from the weight considerations. So we may assume 
Y ^ Z. We claim that 



Ext l x {5 Y {n),6 z {m)) 



if|d Y , z |>l 

if none of the varieties Y, Z contains the other 



The second claim is obvious, so we may assume without loss of generality that 
Z <zY . Let d\y = dmiW and dy.z '■= dy — dz- Then one has 

Ext x (6 Y {n),5z(m)) = Ext x {S z (-m),6 Y (-n+d Y ,z)) = H l - d ^ z {Z,Q{m-nj) 

Indeed, to compute the first Ext observe that 

Hom x (QY[d Y ](n),Qz[dz + i](m)) - 

Hom Y (Q Y ,Q z [dz - d Y +i]{m-n)) = H l - dYZ (Z, Q(m - n)) 
The second equality follows by the duality since 

* §c{~m) = S c {m + dimC) (46) 
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So to prove the proposition it remains to consider the case when \dy,z\ = 1- 
The weight considerations shows that 

Extx(6Y(n), S z (m)) = if d Y ,z = 1 and m - n < (47) 

and 

Ext 1 x {8 Y {n), 5 z {m)) = if d Y . z = -1 and m - ra < (48) 
Indeed, under these assumptions 

w(<5y(n)) — w(#z(m)) = rfy,z + 2(m — n) < 

So the .Ea^-groups vanish. Observe also that (|l8|) can be deduced from ( |47| ) 
by duality thanks to ( f46| ) . This gives the third statement of the proposition. To 
check the second notice that by the assumption in the second statement 

dw((5y(rt)) — dw(Sz(m)) — dy,z + {m — n) < 

This means that 

dy,z = — 1, m — n < or dy.z = 1, m — n < —1 

In the first case Ext 1 vanishes by ([48|), and in the second by (f|7]). The second 
statement and hence the proposition are proved. 

Corollary 2.6 Let M. be an object of Vsh(X) on a regular variety X. Suppose 
that M. is glued from the objects Sc{n), where C 's are regular closed irreducible 
subvarieties of X . Then M. carries two canonical increasing filtrations indexed 
by integers: 

a) The dimension-weight filtration DW m such that Gr® w A4 is a direct sum 
of the objects Sc(—tti) with dimC + m = k. 

s, ii,,, i i < , _ 

objects 5c{~k). 

c ) The duality * interchanges these two filtrations, so that 



b) The filtration T, by the Tate twist such that Gr^M is a direct sum of the 



*GrlM = Gr^f * M 



Proof. The parts a) and b) follow from proposition 2.5 and lemma 5.3.6 in 
[BBD] . Namely, for the dimension- weight filtration we use the second statement 
of the proposition, and for the filtration by the Tate twist the third. The part 
c) follows from a) and b) using formula (46). The corollary is proved. 

Recall that n = dimX. 



Proposition 2.7 The morphisms n3a ) induce isomorphisms 

&r (^b) ^ G^ W (n, B ) ^ Grr (^0 (49) 
Gt%(T b ) GrJ(^ B ) Gr^* s ) (50) 
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Proof. The second line of isomorphisms follows from the first one by the 



duality using corollary 2.6 



Let us prove the last isomorphism in (J49|). Let us show by induction that 
the maps oik, see (j3Sj) , induce isomorphisms on Gr^ H®(— ). If k = this is 
clear. 

For a set {Sci(— m i)[Pi}} let 

dw + ({<5c,(-TOi)bi]}) = maxj(dimCi + m,) (51) 

Suppose that A4 is glued from the objects {5ci(~ m i)[Pi\}- There are many sets 
of such objects generating M. (for instance we can add an object to a list). Let 
dw + (M) be the smallest value invariant d5l]) can have for such a generating set. 



Lemma 2.8 Let Y be a regular subvariety of a regular variety X , U := X — Y . 
and j : U X . Suppose that M is glued from 8c{—nn)[p\ where all subvarieties 
C and CnF are regular. Then 

dw+(j*.M) < dw+(M), dw+(j\M) < dw + (.M) 

Proof. Fo llow s immediately from (|30|), ( [jlf ) and (|33|). The lemma is proved. 
By lemma 2^ and using (34)-(^||) we see by induction on k that Q* = Q* 



satisfies the following condition: 

for U = U(k) and U = U A (k), k > 0, one has 

dw + (^(Res^))<{ l_ x forj<0 (52) 

Lemma 2.9 Let Q* e D b sh (X). A ssume that Q % is glued from 5c(—rn)[p] where 
C are strata of a regular stratification of X and < m < codimxC Let us also 
assume fts^j). Then 

i) If map induces an isomorphism on Gr^ D H®(— ) then map has 
the same property. 

ii) If map $4^ ) induces an isomorphism on Gv!^ D H®(— ) then map has 
the same property. 

Proof, i) We claim that 

Gr^H^jiResu^g') = Gr% w H° T (j& ff T °(Re S[/(fe _ 1) a*)) (53) 



Indeed, it follows from ( p2[ ) and lemma 2^ that the left object in ( |53| ) is iso- 
morphic to 



Gr^/f^T^Res^^*)) 
On the other hand by © and ©-© 

GT^H^j^iResu^g')) = 
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Isomorphism ([33]) follows from these two facts. 

Similarly, by ([52]) and lemma 2.8 the right object in (|5^) is isomorphic to 

By the induction assumption it is isomorphic to 

GT° w H T (jiGr° w Re Su(k „ 1} T A ) 



(Observe that T A is a perverse sheaf). By lemma |2.8| this object, and hence the 
right object in (53), are isomorphic to 



GxZ w K^t^v { u-i)T A 



It remains to notice that j k:t Resu(k-i)3~ A — R es tM(fc-i) J~A- The statement i) 
is proved. 

To prove statement ii) we follow the same pattern, changing U (k — 1) to 
U(Jk — 1) and j klf to jj^. In the end we need to show in addition that 

GrZ w H?(j*jZ'Res u{k) F A ) = Gr^if^Res^)^ 

There is a standard exact triangle where i k is the closed embedding comple- 
mentary to 2k'- 

ikJk *Res c/(fe) .7 r A[-l] — > j^j^Res u(k) T A — > Res u(k) F A 

So it is sufficient to show that the left object is glued from the objects Sc(~rn)[p] 
with dimC + m < n. Since T A and hence ReS[/(fc)-? r A are glued from such objects 
with dimC + m < n, and the stratification defined by A U B is regular, the 
statement follows from the second part of (p3). The lemma is proved. 

The proof of the first isomorphism in ( ff9| ) is even simpler: it uses only the 
argument similar to the one in the end of the proof of part ii). The proposition 
is proved. 

Let dp(A) (resp. dp(£?)) be the codimension of the smallest pure A-strata 
(resp. pure i?-strata) in X. 

Theorem 2.10 In the category Vsh(X) 

a) the morphisms (p<j|) induce canonical isomorphisms 



GvZH*(X,^ B ) ^ G^ n H*{X,n, B ) GvZH*(X,T A ) (54) 

Gt™H*{X,F b ) Gx™H*(X,J* AtB ) GifH*(X,T* A . B ) (55) 
b) there are canonical isomorphisms 
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Gx n+d V {A) H { X i^*A,b) * Gr n+d P (A) H °( X ^A) (56) 

G^-d v (B)H°{X,T B ) — ► 
Gr^ldp(B)- ffC '(^ j F a,b) * Gr^L dp ( B )-H"°(X,^ B ) (57) 

Proof, a) Let us calculate the groups using the spectral 

sequence for the weight filtration on the perverse sheaf T . Later on T will be 
one of the sheaves (Q). The E'l-term of the spectral sequence consists of the 
groups W{X] Gt^F) with the differential 

H\X- Grf F) — » H l+1 (X; Gr^jF) (58) 

Observe that by purity the weight of H a (X,Gr^ T) is a + b. So the higher 
differentials are zero by the weight considerations. The i^i-term of the spectral 
sequence consists of complexes sitting on the lines where the weight a + b is a 
constant. In particular the weight zero and In parts of this spectral sequence 
are the complexes formed by the groups 

H- a (X-G^T) and H a (X; GvZ- a F) (59) 

respectively, with the differential provided by jSq). 
If C is a regular subvariety of X then 

H a (X,S c (-m)) = for \a\ > dimC 

It follows that 

H- a {X; Gr™F) = H- a {X- Grf (T F)) 

Indeed, by proposition |2.4| the object Gr^JF is a direct sum of 8c(— m) where 
diniC + 2m = a. So if m > then H~ a (X; 5c(—rn)) — 0. This and proposition 
|2.7| gives ( |55|) ■ The isomorphism ((5J) follows by duality. The part a) is proved. 

b) The shape of the E\-term of the spectral sequence. If F is one of the 
sheaves ( [lij ) then 

H a (X,GvfF) = if b±a > 2n or b±a < 

So the £i-term of the spectral sequence is located inside of the diamond < 
b ± a < 2n. Moreover, it is bounded by the lines n — dp(£?) < b < n + dp(A). 
A particular interesting case is dp(-A) = dp(£?) = n. 
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The locus ofH a (X,Gr^F) 
n=dim(X) 




It follows that for any perverse sheaf T glued from {Sc(— m)} with < m < 
codimC < dp(A) one has 

Q v ™+d v (A)H° [X , J 7 ) = Gr n+dp ^ A s j H°(X,Gi^ w 

The isomorphisms ([36|) follow from this and proposition ^t]. The isomorphisms 
( [57]) are obtained by duality. The part b) and hence the theorem are proved. 

4. The framing in the Tate case. A regular projective variety X is a 
Tate variety if the motive of X is a direct sum of the Tate motives Q(m). For 
example a flag variety G/P where P is a parabolic subgroup of a simple Lie 
group is Tate. The product of Tate varieties is a Tate variety. If all strata of a 
divisor D on X (including Dq = X) are Tate varieties we say that D provides 
a Tate stratification of X. For example a union of hyperplanes provides a Tate 
stratification of P n . 

If A U B provides a Tate stratification of X and (A, B) is an admissible pair 
then obviously applying the functor H°(X; — ) to any of the perverse sheaves 
(H]) we get a mixed Tate object over the point. 

Recall (see, say, [G7] or [G8]) that a framed object in a mixed Tate cat- 
egory C is defined as a triple (H,V2 n ,fo) where v 2n ■ Q(— rc) — > Gr^H 
and / : Gr^ H — ► Q(0) are non zero morphisms. We define an equiva- 
lence of framed mixed Tate objects as the finest equivalence relation such 
that a morphism compatible with frames is an equivalence. The equivalence 
classes of objects framed by Q(0) and Q(— n) form an abelian group A n (C), and 
A„(C) :— ® n >oA n {C) has a commutative Hopf algebra structure. 

Suppose dp(A) = dp(-B) = n. Let us assume that we are given non zero 
classes 

[u A ] e Hbm(Q(-n),Gr^H°(X,^A)); [A fl ] G Rom(Gi^H°(X, T B \ Q(0)) 
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Then using canonical isomorphisms (56)-(p7|) we transfer them to distinguished 
classes 

N G Hom(Q(-n),Gr^ff (X,^ B )) =Hom(Q(-n),Gr^ff°(X,^ B )) 
and 

[A B ] G Hom(Gr 2 ^i/ (X,^l^),Q(0)) = Hom(Gr^H°(X, ^i, B ), Q(0)) 

Therefore we get equivalent framed mixed Tate objects 

(H°{X,rX tB ),[w A ],[A B ]) ~ (H°(X,F AiB ,[u A ],[A B }) (60) 

5. The framing in the general case. The general definition of framed 
objects in a mixed category see in chapter 2 of [G8]. In this paper we employ an 
adapted version of this definition sufficient for our goals. The reader is invited 
to formulate and prove the results of the next chapters using the definition given 
in [G8]. 

Let V be a semisimple category. We assume that each simple object of V is 
labelled by an integer called the weight. Let C-p be a mixed category such that 
every its object carries canonical weight filtration W, so that Grjf is a direct 
sum of weight k objects of V. Let us assume that we are given a fiber functor 
F : V — ► Vect to the category of finite dimensional vector spaces. Then a 
framing on a mixed object H is a triple (H, v, /) defined by a pair of non zero 
vectors 

*,GF(Grfff), /£F(Gr^) v ; p > q 

where V v is the vector space dual to V. 

Let us return to our situation. The two categories we have in mind are the 
categories of mixed Hodge structures and /-adic Galois modules equipped with 
a weight filtration. The functor F assigns to an object of one of these categories 
the underlying vector space. We define a framing on H (X, T\ B ) as a triple 

{H°(X,F% tB ),[u> A ],[A B ]) (61) 

where the classes 

M £ G^ +Av[A) H°{X,T A )- [A B ] e (Gr^ MB) H°(X,F B )y 
are transformed via canonical isomorphisms (|56|)-(|57|) to distinguished classes 
[wa] € Gr^ +dp{A) H°(X, T* A B ); [A B ] G ^Gr^_ dp{B) H°(X, T* A B )^j 

We define a framing on H°(X, T A B ) using the same two classes. So the map 
c from lemma 2.3 is an equivalence of the framed objects corresponding to 
H°{X,FZ iB ) and H°(X,J* AtB ). 
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Remark. Both X — A and X — B are affine varieties, so Hp R (X — A) = 
H l fl* (X — A). Thus the class [w] is represented by a form ui e £1™ (X — A). So 
the equivalence class of the framed objects (|6l]) always encodes the properties 
of the period J . w, where A is a relative cycle. 

Remark. If X is a regular projective curve then H°(X, T* A B ) is a 1-motive 
in the sense of Deligne [D4] . 

3 Motivic setting 

Let 7r : X — > Spec(F) be the canonical projection. In this section we show that, 
assuming a condition on D, the objects tx*T a „ B and tt*J- a \ B in D^ h (Spec(F)) 
are of geometric origin. If F is a number field and the divisor D = A U B 
provides a Tate stratification of X we define 

H°(X;T' A ^ B ) and H°(X;F A>lB ) 

as objects of the abelian category A4t(F) of mixed Tate motives over F 

1. A blow up theorem. Let D be a divisor on X. We assume that all 
irreducible components of D are divisors, and the stratification defined by D is 
regular. 

By a sequence of centered at strata blow ups we understand the following 
procedure. Blow up the closure of a stratum S of D, getting a divisor D\ on a 
variety X\ . Then blow up the closure of a stratum Si of D\ , getting a divisor 
Z?2 on X2, blow up the closure of a stratum S m _i of Z) m _i, getting a divisor 
Z? m on a variety X m . 

Theorem 3.1 Suppose that D is a divisor locally isomorphic to a union of 
hyperplanes. Then there exists a centered at strata sequence of blow ups such 
that the last blow up delivers a normal crossing divisor. 

Proof. A stratum S of D is called a good stratum if D is a normal crossing 
divisor near S. Otherwise it is a bad stratum. 

Construction 3.2 Let us blow up all bad vertices of D, then closures of preim- 
ages of all bad 1-dimensional strata, after this closures of preimages of all bad 
2- dimensional strata, and so on. Let X be the resulting variety and D the cor- 
responding divisor on X. 

Lemma 3.3 D a normal crossing divisor on X . 

Proof. We use the induction on dxmX . Let p : X — ► X be the natural 
projection and x £ X. Let k be the dimension of the stratum containing p(x). 
Suppose that k > 0. Since our configuration is locally isomorphic to a family 
of hyperplanes we have a product situation near p(x). Precisely, there exists 



29 



a regular divisor Dy in a variety Y which is locally isomorphic to a family of 
hyperplanes, such that near p(x) the pair (D,X) is locally isomorphic to the 
one (A k x Dy, A fe x Y). Moreover the pair (D,X) near x is locally isomorphic 
to (A fe x Dy, A k x Y) where (D, Y) is obtained from (D, Y) by our construction. 
Therefore by induction D a normal crossing divisor near such x. 

Suppose now that k — 0, i.e. p(x) is bad vertex of D. We blow up p{x). 
Let P be the special fiber of the blow up. It intersects transversally the strict 
preimages of other strata of D. Intersecting P with them we get a divisor D' 
in P. It is isomorphic to a family of hyperplanes in P n . Now continue our 
construction, i.e. blow up other bad vertices, then bad edges, and so on, and 
see how it affects neighborhood of P and its preimages after the blow ups. The 
preimage P of P i'n X is obtained by applying our construction to the divisor 
D' in P. Therefore the divisor Dp in P defined as the intersection of P with 
the closure of D — P is a normal crossing divisor by the induction assumption. 
The closure of the divisor D — P intersects P transversally, providing a bijective 
correspondence S — > S n P between the proper strata of Dp and the ones of 
D intersecting P. It follows that D is a normal crossing divisor near P. 

The lemma and hence the theorem are proved. 

2. A comparison theorem. Suppose that (A, B) is an admissible pair of 
divisors on X. Let us blow up the closure of a stratum S of D := A\JB. We get 
a new variety X equipped with a projection p : X — ► X. Then the preimage Si 
of S and strict preimages of the irreducible components of the divisor D are the 
irreducible components of the divisor D\ — p~ 1 D. Let us assign the A- and B- 
labels to the irreducible components of D\, presenting it as D\ = A\ U B\. The 
strict preimages of the irreducible components of D inherit their labels from D. 
So we need only to label Si. We declare it an A- (resp. B-) component if S 
is a pure A- (resp. B-) stratum. If S is a mixed stratum we have a freedom 
to declare it either A- or B-componcnt. It is easy to see that for either choices 
(A, B) is an admissible pair of divisors. If we choose always to declare blow 
ups of mixed strata as A-components, we denote by (A*,B*) the final pair of 
divisors on X. If we always declare blow ups of mixed strata as B-components, 
denote the final pair of divisors by (A , B ). 

Lemma 3.4 Suppose that AD B is a normal crossing divisor. Then there are 
canonical isomorphisms 

•r A,\,B — ■> A,*,B — * A,B ~ r A.B 

Proof. It is clear from (|36| ) - (^7|) that these objects are perverse sheaves. 
It remains to show that extending to a mixed stratum by j\ we get the same 
object as when we extend by j*. Indeed, let A\ be one of the A-components 
and jx : X — Ai X. Then if Ta.b is b or J-* A B one has 

J^ReSX-Ai^A.B = J~, A,B 
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and a similar statement is valid for The lemma follows by induction. In fact 
for a normal crossing divisor the extension of the constant sheaf onX-(ylUB) 
by j„ to the A-components and by j\ to the S-components does not depend on 
the order of the extensions. 

Let D = A U B be a splitting on A- and S-components obtained by the 
described above procedure, where the blow ups of mixed strata are labeled any 
way we want. Then A C pT 1 A and B C p~ 1 B. Therefore there are canonical 
morphisms 

■'A J ~p- 1 A> ■ r p- 1 B * •'b 

(We put ! and * over the J-'-sheaves to distinguish between the extension func- 
tors, i.e. j\ or j*, used to define them. So T* A = Ta and T A = Fb-) 
Since p is proper, we get canonical maps 

H°(X,J*) — H°(X,^ 1A ) = H°(X,T* A ) 
Applying Gr^, and then dualizing the second map, we get morphisms 



a A : ^ r n+dp(A) -^1) * Gr^ fdp( - A) iJ°(X, JF A ) V 

/%? : (Gr^ dp ( B )(-X", J" g)^ > ^Gr^l dp( - B )i7 (X, J 7 B 
Consider a framing on H (X; T* A B ) provided by nonzero classes 

[«>a] G Grr +dp(A) iJ°(X,^); [A B ] £ (Gr^ dp(B)J ff°(X, JT B ; 



Denote by Ta,b the perverse sheaf provided by lemma 3.4. If D = A*LiB* — 
A' U5 ! is a normal crossing divisor then lemma |3.4| provides perverse sheaves 



Theorem 3.5 i) Assume that construction 5.1 delivers a normal crossing di- 
visor (e.g. D is locally isomorphic to a family of hyperplanes) . Then there are 
canonical isomorphisms 

P*-^A*,B* = ^a,*,b'i P*^A' : b'~-^a,\.b (62) 

Moreover the maps a.%,) (3g*> well as ot^\, (3 B < are isomorphisms, 
ii) There is an equivalence of framed objects: 

(H (X-,^ iBt ),a^[LJA],^[AB}) ~ (h (X;FX,b)A"aU&b}) (63) 
Hi) There is a similar statement with * changed to !. 
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Proof, i) Thanks to the construction for each bad stratum of D there is 
a unique irreducible component of the divisor D projecting onto the closure of 
this stratum. Let us show that if there is an isomorphism over U (fc) 

then the same is true over U(k + 1). Set X k := p~ 1 U(k) 

Let {Di} be the irreducible components of D projecting to the bad strata in 
U(k + 1) — U(k), and {D®} their restrictions to X k +i. Take one of them, D®. 
Suppose it is an A-component. Let 

ji : X k+1 -5° X k+1 ; 3l : U(k + 1) -£(5?) — (7(fc + 1) 



Since -D is a normal crossing divisor we can apply lemma 3.4. So if T is either 
•^A* b* or F A \ b> there is an isomorphism 

7i*ReSy p )0 ^ r = ReSy T 

u Jtfe+l — U\ *k + l 

One has p o j 1 = j 1 op. Thus p*ji* — ji*p*- Therefore p»Res^ fc+i JF = 
7i»p»Rcs^ nof. The case when Z?? is a /3-component is similar. Since 

the divisors D° are disjoint we immediately get a similar statement for UjD® . 

The second statement follows from isomorphisms (62) and theorem 2.10| b). 
The part i) of the theorem is proved. 

ii) The part i) implies the equivalence 

H°{X;^ b ),[wa],[Ab}) ~ (H (X;T A , s ,),a~l[tu A },f3~l{A B - 

Recall that the frame morphisms for T* A B were constructed by applying the 
functor H® to the frame morphisms Tb — > T A „ B — > J- a- So the canonical 
morphism in the derived category H® : T A # B — > T* A B provides a commutative 
diagram where the horizontal arrows are the frame morphisms: 

— ► Fa,*,b — * Fa 
Tb — ► J~*a,b — y Fa 
Applying the functor H°(X; — ) to it we get an equivalence of framed objects 

[h°(X;T a ^ b ), [lo a ], [A b ]) ~ (h°(X;TXb), M, [A b ] 

The part ii) is proved. The part iii) is very similar. The theorem is proved. 
3. The mixed Tate motive corresponding to H°(X; Ta,b)- 
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Proposition 3.6 Suppose that F is a number field, and A U B is a normal 
crossing divisor on a regular variety X over F , providing a Tate stratification 
of X . Then there exists a mixed Tate motive m(X;A,B) whose Hodge and 
l-adic realizations are given by H°(X;J-a.b)- 

Proof. Suppose that X is a regular variety over any field F and Y is a normal 
crossing divisor on X. Then there is an object m(X, Y) of the triangulated 
category of mixed motives over F such that realizations of m* (X, Y) are given 
by the relative cohomology groups H*(X,Y). (I use a cohomological version 
of Voevodsky's category T>A4f)- Namely, let {Yi}, i G A, be the set of all 
irreducible components of the divisor Y. Set Y(k) := Um = fcYj and consider the 
following complex of regular varieties where X is in the degree zero, and the 
differentials are the ones in a simplicial resolution: 

m*(X,Y) := ... — > F(2) — ► Y(l) — ► X 

Let T>t(F) be the full subcategory of T>A4p consisting of the objects glued 
from the the pure Tate motives Q(n) and their shifts. If Y provides a Tate 
stratification of a Tate variety X then m'(X, Y) is an object of T>t{F). Finally, 
if F is a number field then there is a canonical ^-structure t on the category 
T>t{F) providing an abelian category A4t(F) of mixed Tate motives over F 
(see ch. 5 of [G9]). Set m l (X,Y) := ff|(m*(X,Y)). 

Applying this construction to Y := Ba '■= B — B n A we get mixed Tate 
motives m l (X;A, B A ). Then m~ dimX (X; A, B A ) is just what we need. The 
proposition is proved. 

4. Remarks on the frame classes. Recall a splitting on A- and B- 
componcnts D = A U B described in s. 3.2, where the blow ups of mixed strata 



are labeled any way we want. For applications of theorem 3.5 it is useful to 



have a more direct description of the classes a- 1 ^^] and j3~ [As] 

Lemma 3.7 Suppose that A is a normal crossing divisor andu>A G fli og (X — A). 
Then p*oja G fl\ l og (X — A). Therefore a-^aM] is represented by [p*uia\- 

Proof. A priori the formp*^ might have logarithmic singularities at p~ 1 A. 
The following general lemma tells us that p*u>A can have singularities only at 
the blow ups of pure A-strata. 

Lemma 3.8 i) Let Y be a normal crossing divisor in a regular variety X , and 
u> G r2JJ, g (A — Y). Let p : X — ► X be the blow up of an irreducible subvariety 
Z . Suppose that the generic point of Z is different from the generic points of 
strata of Y . Then p*u> does not have a singularity at the special divisor of X . 

ii) Let F G K„ (F(X)). Assume that F has non zero residues only at the 
components of a normal crossing divisor Y . Then under the same conditions as 
in i) the residue of p*F at the special divisor of the blow up is zero. 
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Proof, i) Considering the generic point of Z wc reduce the problem to 
the case when Z is a point. So let xi,...,x n be local coordinates such that 
U = <f log(xi) A ... A d\og(xk) A O where is a regular form of positive degree 
near the point Z = (0, ...,0). Let u\ :— x%, Ui :— Xi/x\ be the local coordinates 
on the blow up. Then x\ = is a local equation of the special divisor. One has 

p*u = dlog^i) A d\og(u 2 ) A ... A d\og(iik) A p*tt 

Since dlog(xi) Ap* f ■ d{x\Uk+i) = p* f ■ dx% A duk+i where / is regular near Z, 
the statement follows. 



ii) Similar to the proof of i). Lemma 3.8, and hence lemma p.7| arc proved. 

Now look at the similar question for the relative cycle Ab in the Betti 
realization. A simple geometric argument shows that there is an open part 
A° B C X — B of the cycle such that the class ^'[wb] can be represented 



by the closure of A'g in X. This is a homological version of lemma 3.7. 

5. An unramifiedness criteria. Let R be a discrete valuation ring with 
the fraction field K, M. the maximal ideal in R, k the residue field of R, and k 
its algebraic closure. For a scheme X over a field F set X := X ®p F. 

Suppose that I? is a proper normal crossing divisor in a proper regular scheme 
X over R. Let A and B be unions of the irreducible components of D. We will 
assume that no irreducible components is shared by both of them. Then there 
is the Gal^/iQ-module 

HSt(X -A,B A ;Qi); B A := B - {A n B); (64) 

We want to have a criteria for this module to be unramificd. 

Definition 3.9 Let D be a normal crossing divisor in a regular scheme X over 
R. Assume that the pair (D, X) is proper over R. We say that reduction modulo 
M. does not change the combinatorics of (D,X) if X and every stratum of D 
are smooth over R, and the reduction map from the strata of D to ones at the 
special fiber is a bijection. 

To check that a scheme is smooth over R the following result is useful, see 
proposition 3.24 in chapter I of [M]. Let Y be an integral scheme over R. Denote 
by Y° and Y n its special and generic fibers. Then Y is smooth over R if and 
only if the generic fiber is non empty and Y° (fe) and Y v (K) have no singular 
points, 

Proposition 3.10 Suppose that the reduction modulo M. does not change the 
combinatorics of(D,X). Then, assuming I is prime to the characteristic of k, 
there is an isomorphism 

AS ( X - A, B A ; Q, ) H r c \ (X® - AP, B\; % ) (65) 

In particular the G&\{K / K) -module mAj is unramified. 
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Proof. By the smooth and proper base change theorem ([M]) for any stra- 
tum Y of X, including X itself, there is an isomorphism 

H^YM) ^ H^M) 

and hence H™ t (Y; Q;) is unramified. We calculate H n (X — A, Ba) by replacing 
the pair (X — A, Ba) by its standard ([D4]) simplicial resolution S,(X — A, Ba)- 
The j-simplices of this simplicial scheme are given by disjoint union of the i-fold 
intersections of the irreducible components of Ba- The result follows from the 
following two observations: 

i) There is a well defined reduction modulo Ai of the simplicial scheme 
S.{X-A,B A ). 

ii) The reduction modulo Ai induces an isomorphism on the etale cohomol- 
ogy for each of the schemes Si(X — A, Ba)- 

Indeed, assuming i), let S®(X — A, Ba) be the simplicial scheme obtained by 
reduction of the simplicial scheme S m (X — A, Ba)- In particular each component 
Sf(X — A, Ba) is obtained by reduction of the corresponding component Si(X — 
A,Ba)- Then there is a map of the standard spectral sequence provided by 
the simplicial resolution which computes the left hand side of (|6^) to the one 
computing the right hand side. Thanks to ii) the map induces an isomorphism 
of the Ei terms of these spectral sequences, so the proposition follows. 

The check the statement i) observe that we can always reduce modulo Ai 
each of the components of the simplicial scheme S,(X — A,Ba)- The maps 
between them are defined since the reduction modulo Ai does not change the 
combinatorics of D, and in particular no stratum of Ba is supposed to be 
mapped to a stratum which has been removed. 

The statement ii) follows from the following lemma 

Lemma 3.11 Let X be a proper scheme over R and B is a proper normal 
crossing divisor in X. Suppose that reduction modulo Ai does not change the 
combinatorics of B. Then there is an isomorphism 

fl£ (X - B ■ Q t ) HI (XT -W;Q t ) 

Proof. By duality it is sufficient to prove a similar isomorphism for H n (X, B). 
Then we replace (X, B) by its simplicial resolution S,(X, B). Since X is proper 
this simplicial resolution always has a reduction modulo Ai denoted S®(X, B). 
Observe that in general H n (S2(X, B);Qi) does not necessarily isomorphic to 
H n (X°,W;Qi) (e.g., take X = A 1 , B = {0} U {p}, and M = (p)). However 
we do have the isomorphism if S®(X,B) — S,(X° , B°). This is the case in 
our situation since the reduction does not change the combinatorics of B. The 
lemma and hence the proposition are proved. 

Example. Let p be a prime number. Then H 1 (P 1 — {0, oo}, {l,p}) is un- 
ramified outside of p. The simplicial scheme corresponding to this cohomology 
group is {l}U{p} — yP 1 -^,^}. Observe that we can not define its reduction 
modulo p since {p} should be mapped to 0, which is not in P 1 — {0, oo}! 
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Corollary 3.12 Suppose that we are in the situation described in proposition 



3.6. Assume further that (X,A,B) is defined and proper over a ring of S- 
integers Os in the number field F , and V is a prime ideal of F outside of S . 
Then if the reduction modulo V does not change the combinatorics of the divisor 
A U B, then the mixed Tate motive m(X; A, B) is unramified at V . 

Proof. A mixed Tate motive over F is unramified at V if and only if its 
Z-adic realization, where / is prime to V, is unramified at V . So the corollary 
follows from proposition 3.10| . 



4 A specialization theorem 

1. The specialization functor [Ve]. Let Z be a regular subvariety of a 
regular variety X. Let N%X be the normal bundle to Z in X, with the zero 
section removed. Set U := X — Z. Recall the specialization functor 

Sp : D b Sh (U) — D h Sh (N° z X) 

In fact Verdier defined it for any pair of subvarieties Z C X, with N%X replaced 
by the normal cone, and D b Sh (U) by D b sh (X). Extending elements of D b sh {U) by 
j\ to X and applying the Verdier's definition we come to the functor above. 

The functor Sp sends perverse sheaves to perverse sheaves and commutes 
with the duality functor on -Dg h . 

Since Z is a regular subvariety of a regular variety X the specialization func- 
tor Sp provides a Tate functor between the corresponding mixed Tate categories 
on U and N^X of unipotent variations of Hodge- Tate structures or lisse Tate 
1-adic sheaves. Indeed, Sp is an exact tensor functor, and if Z is regular subvari- 
ety it obviously transforms the Tate objects, which are the constant sheaves on 
U tensored by Q(n) (resp Qi(n)) and shifted to the left by dimJJ, to the Tate 
objects. 

2. A specialization theorem. Recall that D i: i s A, is the set of 

irreducible components of the divisor D, and for any subset I C A we set 
F>i := P\i e iDi. In particular D$ = X. The subvarieties {Dj} are the closures 
of the strata of the stratification defined by D. 

Excellent variations. We say that {Di(t)} is a smooth variation of regular 
divisors on X parametrized by a regular base T if there are regular divisors 
T>i C X x T smooth with respect to the projection p : X x T — > T, so that 

A(t) = T>i(t) np~H. 

Definition 4.1 A smooth variation of the divisors {Di(t)} is an excellent vari- 
ation if for any / cA 

1) dimDi(t) is the same for all t £ T. 

2) Di(t) are regular irreducible projective subvarieties. 

3) The family {Di(t)} extends to a smooth family of regular subvarieties 
parametrized by a projective variety Bj containing T. 
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Replacing T by a non empty Zariski open subvariety T° C T we may always 
assume that 1). 

Example. X = P"; D is a union of hyperplanes. Any base of deforma- 
tion of hyperplanes Di satisfying condition 1) satisfy also conditions 2) and 3). 
Indeed, Dj(t) is a plane in P™, so one can take Bj to be the corresponding 
Grassmannian. 

Now suppose we have a variation of the divisors D^e) in X parametrized 
by a one dimensional regular base E containing a point 0. Let E° := £ — {0}. 
Let A = I U J. Set 

A{e) := U ieI Di(e), B{e) := U^D^e) 

and (A, B) := (A(0),B(0)). Assume that 

i) The pair (A, B) is admissible. 

ii) {Di(e)} is an excellent variation over E°. 

Then replacing the base by a non empty open subset of E we may assume 
that (^4(e), B{e)) is an admissible pair for all e G E. 

Denote by A and B the divisors on X x E° whose fibers over e 6 E° are A{e) 
and B(e). So there are the corresponding objects denoted T\ „ B and T* A B on 
A x E°. The tilde emphasizes that we are working over E°. 

We are going to apply the specialization functor to the divisor 

i : 1 x ^ I x S (66) 

Let v G Tb(£) — 0. Denote by Sp s (<5) the restriction of Sp((7) to the section 
s := of the normal bundle, which is identified with X x in j66|). 

We claim that in both Hodge and Z-adic settings the specialization Sp s .F^ B 



satisfies the same conditions as in proposition 2.4 



Theorem 4.2 Assume the conditions i), ii) above. Then in both Hodge and l- 
adic settings Sp s J-^ B is glued from the objects 5c(—fn) where < m < codimC, 
where C runs through the limiting strata of the stratification T>j(e) as E — * 0. 

Remark 1. The limiting strata consist of the stratum Dj and perhaps some 
other subvarieties. For example consider degeneration of a pair (line, plane) in 
P 3 degenerating to a line sitting in the limiting plane. 

Remark 2. A similar result is valid when T\ B is replaced by B l (T\ t B ) 
Proof. The Hodge setting. We have a supply of Hodge sheaves o~v j{— m). 
For all but finitely many points e G E°(C) the restriction to e commutes with 
all the standard functors. Let i e : {e} E°(C). It follows that for all but 
finitely many points e the object i^X B [— 1] is isomorphic to ^A(e) an< ^ 



hence has all the properties listed in proposition 2.4. Observe that i* e 5xij (— m) 
$Dj( s ){-™>)[-1}. 

Denote by P-^(A) the category of perverse Hodge sheaves on X. 
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Choose a sufficiently small punctured analytic disc U* C E°(C) with the 
puncture at 0. For a finite covering it : U* — ► U* consider the map 

7f := Id x 7T : X x U* — > X x U* 

Let T> be the variation of the divisors parametrized by U*, obtained by the base 
change tt : U* — ► U*. 

Lemma 4.3 There exist J, m < codinxDj, and a finite covering 7r : U* — > U* 
such that there is a non zero element in 



Hom^ 

Proof. Let p : X x U* — ► U* be the canonical projection. One has 

RHom D ^ (Xx£/ , ) (^ ;B ,fc J (-m)) = (67) 

RRom D t i(XxU , ) (S X xU',^XB ® ! 5-Dj{~m)) = 

RKom^u^iSu* ,p*(*FXt3 ®' fej (-»"))) (68) 
The Hodge sheaves 

K 1 P*(*T* A .,B®- 5 v.,{-m)) (69) 

are restrictions to U* of the similar ones on S° , which are smooth at the generic 
point of S° (this follows from the corresponding well known fact about D- 
modules). Thus removing a finite set of points from E° we may assume that 
( p9[ ) is a variation of mixed Hodge structures on S°, and hence on U*. 

Recall that Hom-p H = R°Hom £) 6 . The monodromy around provides an 
operator N acting on the vector space 

R°Hom^ (c) (5 e [-l],i*^(*^B ® ! <W-™))), (70) 

The H of the complex ( |68|) is isomorphic to the invariants N acting on (frfj) . Let 
us show that this vector space is non zero for some J and m < codimDj. Indeed, 
since restriction to a generic point e € U* commutes with all the standard 
functors, we can interchange i* with p* and other functors involved in (|70|). 
Then proceeding as above we rewrite (Uw as a vector space 



R ° Hom D^(Xx{ £ }) (^(^.BfE) . ^.,(^) t^" 1 )) ( 71 ) 



By proposition 2.4 there exists J and m < codimZ?j(e) such that ( |71| ) is non 
zero. 

The regularity theorem for D-modules (see lecture 4 in [Be]) implies that 
variation ( |69| ) on U* has a quasiunipotent monodromy around 0. Indeed, the 
variation was obtained as a composition of several functors applied to 8jj. Since 
5u obviously has quasiunipotent spectrum in the terminology of [Be], and the 
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standard functors preserve this property, the statement follows. Therefore the 
monodromy operator N acting on ( fro| ) is quasiunipotent. If N is unipotent 
then we are done: the subspace of iV-invariants on a non zero vector space ( |70| ) 
is non zero. Replacing U* by its finite cover tt : U* — ► U* we can make the 
monodromy N unipotent. The lemma is proved. 

Having the lemma we get the theorem as follows. Let us suppose first that 
the monodromy N is unipotent, so we do not have to pass to a covering U* . Then 
we find by induction a filtration F of the object T* A B such that its associated 
graded are isomorphic to <5x> J (— m) for some J and m < codimDj. Since {Dj(e)} 
is an excellent variation over U* , each of the families Dj(e) extends to a smooth 
family on U := U*liO. In particular there is a regular reduced subscheme Dj(0), 
the limit of the family Dj(e) as e — > 0. Therefore 

Sp s S Vj (-m) = 6 Dj{0) (-m) 

Since the specialization is an exact functor we get the Hodge version of theorem 
when N is unipotent. 

Let us deduce the general case from the one when N is unipotent. Consider 
the diagrams 

X x {0} A XxU N xx{o} X x & = lxC * 

1= I?? -I tt 4 

X x {0} A X xU N xx{o} X xU = IxC ' 

The fibers of the punctured normal bundle to X x {0} are identified with C*, 
and 7f is given by z — ► z dcg7r on the fibers. Then, denoting by Sp, (resp. Spj) 
the specialization functor for the divisor given by i (resp i) we have 

Sp { O 7T» = 7f» o Spj (72) 

This follows from the construction of specialization via the nearby cycles functor 
using the fact that \& commutes with proper^direct images. Observe that 
T* A g is a direct summand of 7?*7r* T\ B . So Sp^^ 7 ^ B ) is a direct summand of 

Sp^Tf*??*^^) ( B 7f*Spj(7f*^4 )B ) 

Let 7r _1 s = {si}. Then restriction of the right object to X x s is a direct sum of 
the restrictions of Sm^*^ 7 ^ B ) to X x s;. Each of them satisfies the condition 
of the theorem. The Hodge version of the theorem is proved. 

The l-adic setting. It follows the same pattern as the proof of the Hodge 
version. There is a perverse Z-adic sheaf T\ B over IxE°. Choose an algebraic 
closure K of the field of functions K :— Q(S°), and an embedding K <—> K 
providing a generic geometric point of E°. Denote by ijf : X-^ — > X x E° the 
corresponding map. 
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Let y be a generic geometric point of S° providing map i y : Xj^ — > XxE°. 
Then for any perverse sheaf 5 on I x E° the (shifted) restriction iyG[— 1] is a 
perverse Z-adic sheaf on Xj^. 

In particular let A := i^A, B := i^B and Dj := i%^Dj. Then there is a 
perverse Z-adic sheaf -g on which by proposition ]2.4| is glued from . 
Since all the standard functors commute with restriction to generic geometric 
point, there is an isomorphism 

r K '■— 'FA8l J — ~A,~B 

So T-^ is glued from Sj^ . Therefore one can find J such that 

Hom ir(^%. ; )^0 (73) 

Here Horn is in the category of perverse Z-adic sheaves over K. Both perverse 
sheaves are equipped with an action of the Galois group G&\{K/K). So the 
Horn has a structure of a finite dimensional Z-adic G al (If /.K") -module. 

Let us show that, twisting (|73| ) by Q/(— m) for some m < codimDj, we can 
find there a non zero Gal(X/if )-invariant vector. Indeed, thanks to ( pl5| ) the 
Gal(if /i"T)-module ( |73| ) is glued from the Tate modules Qi(n). It follows that 
for a certain integer m there is a Gal(_R'/A')-invariant vector in 

Hom F (^,% j )(-m) (74) 

Recall that T-^ and &p are isomorphic to the perverse sheaves obtained by 
restriction 1] from the perverse sheaves and Sx>, defined over K. 

Therefore the subspace of Gal(if /if )-invariants in (|74|) is identified with 

Homx^AS.^f-™)) ( 75 ) 

Here Horn is in the category of perverse Z-adic sheaves over K. It follows that 
there is a non zero element in (|75|). It remains to show that m < codimDj. 
Unfortunately so far there is no formalism of weights over K. We will circumvent 
this problem by using the reduction to a finite field, where we can use the 
weights. Choose a finitely generated ring O over Z such that X, {T>j} are defined 
over O. The restriction to a generic geometric point i e : Specif — ► SpecO 
commutes with all the functors involved in the construction of the object T\ g. 
So i* e Fj(B is glued from the object (i*^ 7 )(— m) where m < codinxDj. So by 
proposition 2.4 there is a non zero element of 

Koui-p q {i* e T* A B ®F q F q ,i*5vA- m ) Fq) ( 76 ) 

invariant with respect to Ga\(F q /F q ). Further, for generic e the vector spaces 
( [74| ) is isomorphic to the one (|7^), so that the isomorphism transforms one Galois 
action to the other via a surjective projection Qa\(K/K) — ► Q&\{F q /F q ). So 
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we identify the Tate twists in (|74|) and (uw. The 1-adic version of the lemma 



4.3 is proved. 

The rest of the proof of the ^-adic version of the theorem copies the end of 
the proof of the Hodge version. The theorem is proved. 

A specialization theorem data. Suppose we have a family of divisors D(e) — 
A(e) U B(e) in X parametrized by e £ E° and satisfying all the conditions of 



theorem 4^. It is given by a divisor D = ^ U B C I x E°. Since (A,B) is 



admissible, there are perverse sheaves 

J 'B:J- A.B-< r Afi^ A 

on X x E° and morphisms 



Let us assume in addition that 

SPs^A = Fa; Sp s ^f5 = T B (78) 



Corollary 4.4 Assuming ft7q), morphisms ( 177^ induce isomorphisms 

Gt° w (S Vs P a ,b) ^ GrZ w (S Vs F* AiB ) ^ Gx° w {T A ) (79) 
Gt t {F b ) GrftSp^s) GrJ(Sp s ^I B ) (80) 



Proof. Using proposition 2.7 we get a similar isomorphism for the J-'-sheaves 
on I x S . Since the specialization functor is exact we get them for Sp s J-- 
sheaves. It remains to use (|7^). The corollary is proved. 

Suppose now that we are given sections of the following local systems on E°: 

[^]Gr(S°;Gr^ dp( ^(^)) (81) 

[A B ] G r(E ;Gr^ dp(B) (p*.F B )) (82) 
In this situation there are two different framed objects: 

(H°(X,n, B )M[^B}) (83) 

and 

(H°(X, S Ps TXb), Sp s pM],Sp s [A B ]) (84) 

We will assume that local systems staying on the right of (^l|)-(|82|) extend 
to £ E, the sections [u>a] an d [A B ] extend to sections [uja] an d [A B ] over E. 
Then Sp^pu] and Sp s [A B ] do not depend on the choice of v (and thus s) and 
can be identified with the values of the sections [lua] and [A B ] at zero. 
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Therefore having J7l| ) it makes sense to ask that these values at coincide 
with the initially given [uja] and [As]: 

[SU(0)] = [uja]; [A 8 (0)] = [A fl ] (85) 

Below we will assume (|85[) ■ 

Observe that © implies that dp(*4) = dp(A) and dp(23) = dp(B). There- 
fore using isomorphism (Q) and equality we can identify the classes 



and similarly 

Sp s [A B ] G Gr^ dp(B) #°(X;Sp s ^ B ) and [u B ] G Gr^ dp(B)J ff°(X, 
Summarizing, we identified the framings of the mixed objects (0) and (0). 



Theorem 4.5 a J TTie framed objects ft83[ ) and ( j&^y are equivalent. 

b) If the divisor D(e) provides a Tate stratification for generic £ G £ , i/ien 
i/iese framed objects are mixed Tate objects, and they are equivalent as mixed 
Tate objects. 

Proof. Let us rewrite the definition of T\ * B in a different way. Recall that 
:= U(k — 1) U all codimension fc pure A-strata and mixed strata 
Consider the open embeddings 

q A : U(k - 1) - X; q* : ^ X 
Then, since q A *Sx — one has 

T* — r, B r, B '- r, A r, A * r, B „ S! r, A r, A * X 

Set 

Qk '- =< lk*<lk*i Qk '■= Qk'.lk 

Q%;:::& ■ €l - >?£ ; c< = a vb 

Let Q' G D§ h (X) be an object whose restriction to U is isomorphic to Sjj. Then 
one obviously has an isomorphism 

Fa,*,b = QnW'.'.',hi ( 86 ) 

Therefore using the adjunctions Idx — > Q A and — > Idx we get a sequence 
of morphisms: 

-r-. _ n B,A,...,B.A r , n B,A,...,B r , n B,A,...,B,A r » 

•'A,*^ — V n ,n,...,l,l y < V n ,n,...,l » * ^n.n,... ,2,2 » < 
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Applying the functor H®(—) to this sequence we get a similar one 



H° T (Q*;t:% A G') — - — H° T (Q^g') «- H»(Q B n g-) -> <? (87) 

of perverse sheaves relating T* A B and Q := H®Q m . 

A similar treatment for the perverse sheaves F\ b looks as follows. There 
are open embeddings 

pi = q£ : U(k -l)^X; p* : V k A X 

where 

Vjf := U(k — 1) U all codimension k pure A-strata 
Then setting := p£*p£* and := p^P^ 1 we get 

Set 

G' := SPs-Fa^.b'i $\ := ^Ps^A,'-,B 
Since specialization sends perverse sheaves to perverse sheaves we have 

H° T {gi) := Sp s ^ ;B ; H°(g;) := Sp s ^B (88) 

Observe that restrictions of these objects to U are isomorphic to du, providing 
isomorphism (|S6|). 

Proposition 4.6 There are natural maps 

?b — Qnin,:::^' — > — » ^ w/iere c = a r s 

The first map induces isomorphism on Gtq H®(— ), the second on both Gt® W H®(— ) 
and Gr^if°(— ), and the last one induces isomorphism on Gr i?°(— ). 
These maps give rise to a commutative diagram 

Ta = Fa = ■■■ = Fa = Fa 

at T T T 

n, B — H° T (Q*£::fg:) - ... ^ # T °(Q*a;) ^ 

c T T T T 

f'a.b ^ H°(pZ£;;fg?) -» ... ^ JW<?r) — ff T °(ar) 

/? T T T T 

•T 7 B = 3~B = ■■■ = Fb = 3~b 

(89) 
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Thanks to (78) and ( |88| ) the right vertical maps are identified with 

Tb = Sp s JF e — ► Sp s ^j4 B — > Sp s .F^ B — > Sp^J 7 ^ = Ta 
Proof. There is canonical morphism Ql — > Ta given by 

Ql = Sp,CFj, B ) — Sp.fo) - ^ A (90) 

We define the maps 

n B,A,...,B,A r » _ -B -A -B -A p c % T 

^n,n,...,m,m=J* Jn! Jn* ■ ■ 'JmlJmt "-^'C (m-1) ' J~ A 

and 

n B,A,....B r » — aB -A -B p DO ^. . 

t tfn,n,...,77i»* ~~ Jn!Jn*---Jm! lles ;7 A (m-l)f * -'A 



by induction using restrictions of the map ted) to f/(m - 1) and U A (m - 1) and 
the two constructions i) and ii) introduced in the proof of lemma 2.3. This gen- 
eralizes the procedure used in lemma |2.3| . The starting point is the isomorphism 
ReS[/( )^* — R-eStrfo)-^' After this we apply the construction i) for U(0), then 
ii) for U A (1), then i) for U(l), after that ii) for U A (l), and so on. 

To show that the top rectangle in diagram ( j89| ) is commutative we need to 
show that the following diagram is commutative 

Ta = Fa = ^a 

T T T 

n B,A,...,B r . t nB,A B,Ar.» . nB.A Br.* 



C > f)B,A,...,B,A G » (~ > B,A....,BQ» 

-1"* n,n,...,m,m y * ^tf n,n,...,m "* 



To show that the left square is commutative it is sufficient to show that the 
diagram 

Resc/( m -i) Ta = Resj/( m -i).7\4 

T© T 

is commutative. Since the left bottom object in this diagram is isomorphic to 

this boils down to the fact that the adjunction jif — ► Id is a morphism of 
functors. 

To show that the right square is commutative it is sufficient to show that 
the diagram 

ReS ( 7 A (m-l)-7 r A = R es U A (m-l)FA 

T@ T 
j mlt Resu( m -i)Qt < — R es u A (m-i)Gl 

is commutative. Since the left bottom object in this diagram is isomorphic to 
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This boils down to the fact that the adjunction Id — ► is a morphism of 
functors. 

Therefore we defined the top rectangle of the diagram (|9|) and proved that 
all its squares are commutative. Applying the duality * and interchanging the 
role of A and B we deduce from this a similar statement about the bottom 
rectangle. The maps involved in the middle rectangle are constructed using the 
canonical map j\ — ► j* for the extensions to the mixed strata. It follows that 
the middle rectangle is also built from commutative squares. The commutative 
diagram J89| ) is constructed. 

It remains to prove that the vertical arrows in this diagram induce the iso- 
morphisms on the appropriate pieces of the WD or/and T nitrations. This 
follows from lemma 2.£. The condition (152|) for i = is deduced from theorem 



4.2. For other i's we use a similar result, sec the remark 2 after theorem 4.2. 



Applying the duality * and interchanging the role of A and B we deduce the 
statements about the bottom rectangle from the ones about the top rectangle. 

The maps involved in the middle rectangle are constructed using the canon- 
ical map ji — ► j* for the extensions to the mixed strata. The proposition is 
proved. 

The specialization theorem follows immediately from this proposition. In- 
deed, applying the functor H°(X, — ) to the second horizontal sequence of mor- 
phisms in ( p9| ) we get a sequence of mixed objects and maps between them 
connecting H°(X; T* A B ) and H°(X; Sp s .F^ B ). One needs to check that each of 
these objects is naturally framed, and each of the maps between them respects 
the frames. The A-parts of the frames on H°(X;—), where — stays for the 
objects in the second horizontal line, are provided by the vertical frame maps to 
Ta- Since the top rectangle of the diagram is commutative and the top verti- 
cal arrows induce isomorphisms on Gr^^ , the maps respect the A-parts of the 
frame by their very construction, see s. 2.4-2.5. 

To handle the -B-parts of the frame we employ a similar argumentation for 
the bottom rectangle in the diagram, and in addition use the fact that the 
middle vertical maps induce isomorphisms on GtqH®(—). The part a) of the 
theorem is proved. Having a), the part b) is straitforward. The theorem is 
proved. 



5 Applications to scissor congruence groups 

In this section we apply the results of the sections 2-4 when D = A U B is an 
admissible configuration of hyperplanes in P n . In particular when A and B are 
two simplices in P n we produce a framed mixed Hodge structure of geometric 
origin whose period is given by the Aomoto polylogarithm. The Z-adic version 
of this result provides a framed mixed Tate 1-adic representation of the Galois 
group Gal(F/F). When F is a number field we produce a mixed Tate motive 
over F whose Hodge and Z-adic realizations are the ones mentioned above. 
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Similar results are valid for the scissor congruence groups considered in [G9] , 
including the classical scissor congruence groups in the hyperbolic and spherical 
spaces. 

1. The generalized scissor congruence groups and framed Hodge- 
Tate structures. An algebraic simplex in P n is a union of n + 1 hyperplanes. 
It is called a nondegenerate algebraic simplex if the intersection of these hyper- 
planes is empty. Let 

A = A Q U ...UA n and B = B Q U ...U B n 

be two nondegenerate algebraic simplices in P n . Here Ai and Bj are hyper- 
planes. The pair (A, B) is admissible if and only if A[ ^ Bj if |/| = \ J\. The 
stratification defined by any collection of hyperplanes in P n is always regular. 

Let us introduce a Z/2Z-torsor of orientations of a simplex A. Namely, an 
ordering of the hyperplanes Ai provides an element of the torsor, and two order- 
ings provide the same element if and only if they differ by an even permutation. 

For a field F the generalized scissor congruence group A n (F) (see [BMS], 
[BGSV]) is generated by admissible pairs 

(A;B) = (A Q ,...,A n ;B Q ,...,B n ) 

of oriented simplices in P n (F) subject to the following relations: 

1) Nondegeneracy. (A; B) = if one of the simplices A or B is degenerate. 

2) Orientation. (A; B) changes the sign if we change orientation of A or B. 

3) Additivity. For any n + 2 hyperplanes A , A n+1 one has 

71+1 

^(-1) 4 (A ..., A,, A n+1 ; B , B n ) = 

i=0 

if all the terms are admissible (additivity in A). 
We impose a similar additivity in B condition. 

4) Projective invariance. (gA;gB) = (A; B) for any g 6 PGL n+ i(F). 
Recall the group H n of the Hodge- Tate structures framed by Q(0) and 

Q(— n). Its motivic version is the corresponding group A n {F) of framed mixed 
Tate motives over a number field F. The 1-adic counterpart A^{F) is the 
Qz-vector space of equivalence classes of mixed Tate 1-adic Gal(F/.F)-modules 
framed by Qz(0) and Qz(— n) ([BD1], see also [G7]). Here we have to assume 
that F does not contain all l°° roots of unity. 

Let T\ B be the perverse mixed Hodge sheaf defined in section 2, and by 
•^a'b ^ s 1-adic counterpart. 

Theorem 5.1 a) There is a canonical homomorphism h n : A n (C) — ► H n 
defined on the generators by 

hZ:(A,B)^H°(cP n ;F* AiB ) (91) 
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b) Let F be a field that does not contain all l°° roots of unity. Then there is 
a canonical homomorphism : A n (F) ► A„(F) defined by 

ht : (A B) — > H° et (p« ® F; (92) 

c) Let F be a number field. Then there is a canonical homomorphism h n : 
A n (F) — ► A n (F) whose Hodge and l-adic realizations provided by a) and b). 

Remark. If we restrict our attention to the subgroup generated by pairs 
(A; B) of simplices in generic position, i.e. A U B is a normal crossing divisor, 
then a) and b) follow from [BGSV], and c) from chapter 5 in [G9]. 



Conjecture 5.2 The map constructed in theorem 5.1c) is an isomorphism. 



Proof, a) The right hand side in (|92j) is obviously a Hodge- Tate structure. 
Indeed, the perverse sheaf q is glued from yn) where C are planes in 
CP". 

Let fi be a rational function on CP" with the divisor is Ai — Aq . Set 

u A = dlogA A ... A d log /„ G n? m (P n - A) 

Let Ab be a chain defining a class in H n (CP n , P(C); Z) corresponding to given 
orientation of the algebraic simplex B. According to section 2.4 the classes 

[w A ] G #Sr(CP" — A) = Gr^P5 R (CP" - A) = Z(-n) 

[A B ] G P„(CP",P(C);Z) = Gr"''P„(CP",P(C);Z) = Z(0) 

provide a framing of h™(A, B). 

It remains to check the relations. The relations 2) and 4) are obvious, and 
1) is true by definition. Let us check the additivity in A. We need the following 
simple general result. 

Lemma 5.3 Let M an object of a mixed Tate category C (e.g. the abelian 
category of mixed Tate motives over a number field F , or the category of Hodge- 
Tate structures). Then 

a) Given non zero maps 

vo : Gr^M — Q(0); /«, f n : Q(-n) — Gr^M 
such that f" = Y]p fPj^O one has an equality of framed objects 

^(M, Uo ,/„ a )=^(M, Wo ,/^) 

a (3 

b) Similarly if^2 a Vq — Vq ^ 0, then 

^(M,<,/„) = ^(M,^,/ n ) 

a f3 
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Proof, a) It is sufficient to prove that if /i,/ 2 : Q(-n) — ► Gr^M are non 
zero maps whose sum is also non zero then 

(M, vo,fi) + (M, vo, h) = {M, vo,fi + h) 

By definition the left clement is represented by the framed object (M © M, Vq + 
v o,{fi, $2))- We claim that the natural projection (id, id) : M © M — > M 
induces an equivalence of the framed objects 

(M © M, v + v , (hJ 2 )) (M, vo, fi + h) 

Indeed, there are commutative diagrams 

Q(-ra) = Q(-n) 

(A, /a) i I/1 + /2 



and 



Gr 2 ^M©Gr£> W Gr^M 



G^M © Gr^M ( ^ ) Gr^M 
i>o + wo I I wo 



The proof of the second statement is similar. The lemma is proved. 

More generally, suppose that A and B are unions of hyperplanes in P n , and 
the pair A U B is admissible. Then there is a Hodge- Tate structure h™(A,B) 



defined by the same formula (92) 



Let A' := A U ... U A n+1 . Set A® := A Q U ...A;... U A n+1 . Then obviously 

2 (-1)^(0=0 (93) 

0<i<n+l 

Here the summation is over < i < n + 1 such that [w^co] 7^ 0. 

Lemma 5.4 Lei Ao, A n be any collection of hyperplanes in P n . Let fi be a 
rational function with the divisor A4 — Aq. Then 

{fi, -Jn} G K™(F(P n ))/F* ■ K^FiPn) 
is not zero if and only if the hyperplanes are in generic position. 
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Proof. If the hyperplanes are in generic position then they are projectively 
equivalent to the coordinate hyperplanes Zi — 0, so our symbol is {zi/zo, z n /zo}. 
It is non zero since the homomorphism 

dlog" : K™(F(P n ))/F* ■ K^FiP")) — Sl? og ((F(P n )); 

{fi, /„} •— ► dlog(/i) A ... A dlog(/„) 

maps it to a non zero differential form. 

If gi, ■■■ 1 g m are elements of a field k such that <?i + ... + g m = 1 then it 
is easy to check by induction that {gx, g m } = in K^(k). Let Fi be a 
linear equation of the hyperplane A%. If these hyperplanes arc not in generic 
position then, renumbering the hyperplanes, we can find Fx,...,F m such that 
AiFi + ... + X m F m = 0, Xi + 0. Since {F u ...,F m } ~ {XiF u ...,X m F m } modulo 
F* ■ K^_ 1 (F(P n )) the lemma follows. 

This lemma implies that the terms omitted during the summation in ( p3[ ) 
are precisely the ones which are zero by the non degeneracy relation. Therefore 
using lemma 5.3 we see that 
* 

£ (-l)*(ft«(A',B),[ WAW ],[AB])=0 

0<i<ra+l 

The canonical morphism of perverse sheaves T*. w B — ► .F^, B provides, as- 
suming [w^io] 7^ 0, an equivalence of framed Hodge- Tate structures 

(ttf(A' : B), [u AW ], [A fl ]) ~ h,„], [As]) 

So the additivity in A is proved. The additivity in B is checked similarly. Or we 
can use the duality since *fi%(A, B) = h™(B, A). The part a) of the theorem is 
proved. 

The part b) is completely similar to a) . The only point requiring a comment 
is construction of the A-p&rt of the framing. Namely, the class [oja] in the 1- 
adic setting is the cohomology class given by the 1-adic regulator applied to the 
symbol .... /„} where /, are as in lemma 5.4. Then for n + 2 hyperplanes 



we have Y^.(— .../$, / n +i) = providing, together with lemma 5.4 , 
identity ( |93| ) 

The part c) follows from the results of chapter 3 and, say, a) using the injec- 
tivity of the regulators, or can be deduced directly using the same arguments 
as used in the proof of part a). The theorem is proved. 

Remark. A similar result for the scissor congruence groups defined in [G9] 
is left to the reader as an easy exercise. 



6 Applications to motivic torsors of path on curves 

In this section we apply the results of chapters 2-4 when A U B is a specific 
configuration of divisors on the n-th power of an arbitrary regular curve X. 
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Recall that in the Hodge or etale realization the torsor of path V(X; v x ,v y ) 
between the tangential base points v x , v y was constructed by Deligne [D] as a 
pro-object in the corresponding category. There is a weight filtration indexed 
by integers n < on it, and Gr^V(X; v x , v y ) = Q(0) (or Q;(0)). Let v be 
the image of 1 £ Q(0) under this isomorphism. Choose a non zero vector 
fk £ (Gi v ^ k 'P(X; v x , Vy))^ . We construct a framed object of geometric origin 
equivalent to the framed object 

(V(X;v w ,v y ),v Jk) (94) 

The period of its Hodge realization is given by an iterated integral. This con- 
struction provides a framed mixed Hodge structure of geometric origin corre- 
sponding to any iterated integral between tangential base points on X. In the 
case of the classical base points this has been done by Beilinson, and our con- 
struction in this case leads to the same object. 

Let F be a number field and v x , v y are non zero tangent vectors at the points 
x, y £ P 1 (F). Suppose that A is a finite subset of P 1 (F), and v x , v y are defined 
over F. It was proved in [DG] that there exists the motivic torsor 

V M (P 1 -A;v x ,v y ) (95) 

of path on P 1 — A between the tangential base points v x and v y understood as 
a pro-object in the abelian category A4t(F) of mixed Tate motives over F. Its 
Hodge and Z-adic realizations are isomorphic to the standard Hodge and Z-adic 
realizations of the torsor of path. 

Applying our general construction in the case X = P 1 — A we get an inde- 
pendent geometric construction of the motivic torsor of path (|9f|). Namely, we 
describe it by constructing all its matrix elements. We use the injectivity of the 
regulators to prove that it has all the needed properties. 

1. A framed mixed Hodge structures corresponding to iterated 
integrals on curves. Suppose that X is a regular projective curve over C and 
u>i £ SI* (X). Let pi : X n — ► X be the projection onto the i-th factor. Choose 
a path 7 : [0, 1] — ► A(C) connecting the (tangential) base points v x ,v y at x 
and y. Then there is an iterated integral 

/ lji o ... o uj n := / p\uJi A ... Ap*w„ (96) 

Here A n = {0 < si < ... < s n < 1} is the standard n-dimensional simplex and 

7 :A„^X"(C), 7 ( Sl ,..., S „) := ( 7 ( Sl ),..., 7 ( Sn )) (97) 

Denote by Sing(cj) the singular locus of a form lu. Integral ( |96| ) is convergent if 
and only if 

x £ Sing(wi) and y Sing(w„) (98) 
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Our goal is to provide an explicit construction of a framed mixed Hodge struc- 
ture whose period is given by a convergent iterated integral (|96|). 

Let X be a regular projective curve over a field F and u>i £ f2j og (X). Set 

Ai := pT^Sing^); A := Ai U ... U A„ 

So 

X™ - A = (X - Sing(wi)) x ... x (X - SingK)) 

Observe that dp (A) is the number of singular forms among the forms Wj. Let 
(ti, ...,i n ) be a point of X n . Set 

B := {x — h} U U?-^** = U+i} U {*„ = y}; 



Lemma 6.1 A U B defines a regular stratification of X n . 

b) The pair of divisors (A, B) is admissible if and only if condition ( f^ ) is 
satisfied. 

Proof, a) If {a^} are given points of X then the stratification defined by 
the divisors U — af and any collection of diagonals U = tj in X n is obviously 
regular. 

b) Straitforward check. The lemma is proved. 

Below we assume (p8[). So thanks to lemma 6.1 the construction of sec- 
tion 2 applied to the divisor A U B in X n provides a mixed Hodge structure 
H°(X n ; T* A B ). It is equipped with a framing provided by s. 2.5 by the element 

A ... Ap*w n ] £ Gr™ +dp{A) H n (X n - A), 

and the canonical element 

[A„] £Gr^H n (X n ,B)=Z(0), 

The sign of the generator here is determined by the natural ordering of irre- 
ducible components of divisor B. (If x = y we modify slightly the definition of 
the group on the right in a similar way as in ch. 4 of [G7]). So we get a framed 
mixed Hodge structure 

h(x;u 1 ®...®u n ;y) := A ... Ap>J, [A n ]) (99) 

If a more restrictive condition 

x, y £ Sing(wj) for 1 < i < n (100) 

is valid then there is another framed mixed Hodge structure which has a clear 
motivic origin, and whose period is given by integral ( |96| ) . Its construction goes 
back to Beilinson. Namely set Ba '■= B — {B PI A). Consider the mixed motive 

H n (X n - A, Ba) = H°(X n , a^du) (101) 
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where 

j : U := X n - (A U B) ^ X n - A; a : X" - A <^-» X"; 
Both inclusions here are open affine embcddings, so a.*j\5u is a perverse sheaf. 



Lemma 6.2 Let us assume (IOC ). Then none of the pure B-strata is contained 
in a pure A-stratum. Therefore we have 

ouj\Sv = 3% B (102) 

Proof. It is sufficient to check that none of the B- vertices is contained in a 
pure A-stratum. The -B-vertices ar e giv en by t\ = ... = tf. = x; tk+i = ■■■ =t n = 
y, so it follows immediately from ( |lOC| ). Therefore A U B is a union of mixed 
strata and pure A-strata. This implies that the inductive construction of the 
object J~X,*,b can be replaced by a single step construction given by a*j\5u, i.e. 
we have an isomorphism a*j\6u = T* A „ B . In particular the latter object is a 
perverse sheaf. So we get ( |102| ). The lemma is proved. 

Therefore we have a natural framing on the mixed object (101) 



Lemma 6.3 Assuming \10C\ , integral ( \9b\ ) is a period of the framed mixed Hodge 
structure (101). 

Proof. The natural framing constructed in chapter 2 admits in this case a 
more explicit description. Namely, the restriction of the n-form p\oji A ... Ap* uo n 
to B is zero, and it provides a well defined class 

\plu x A ... Ap>J G G^ +Av(A) H n (X n - A, B A ) 

Further, there is canonical isomorphism 

Z(0) = Gr™H n (X n , B) = Grf H n {X n - A, B A ) (103) 

providing the second component of the frame. (If x — y we modify the group 
on the right as in ch. 4 of [G7]). We get a framed mixed Hodge structure. 

h B (x;uix®...®u> n ;y) := ( y H n (X n - A,Ba), [p*wi A ... Ap*w n ], [A n ]^ (104) 



A path 7 : [0, 1] — > X(C) from x to y provides a lift of the generator of (103) 
to a relative homology class 

[ 7 (A„)] e H* eUi (X n - A,B A ;Z) 

It depends only on the homotopy class of 7. The lemma follows. 

Applications of the specialization theorem. Let E be a curve and G X is its 
distinguished point. Let {uj^s)} be 1-forms on X parametrized by e G S, and 
w i(0) = Wj. Suppose that the base points x(e) and y(e) also depend regularly 
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on e G E, i.e. we are given two maps x, y ; £ — 
x(0) = x, y(0) = y. Suppose in addition to condition 



X regular near 0, and 
i|) that 



x(e),y(e) g Single)) for e^O, i = 1, 



(105) 



Then for e ^ there are framed objects (104), while at e — we constructed a 
framed object (p9|). The specialization theorem 4.5 in this particular case allows 
us to compare them: 



Theorem 6.4 Let us assume conditions (j5q) and (101). Then one has 



Sp £ ^ h B {x(e);uJi(e) <8> ... ® w„(s); y(s)) = ® ... ® w„;y) 



Proof. It follows immediately from theorem 4J5 thanks to ( 102 ), (101) and 
the very definitions. The theorem is proved. 

Here is a version of this result. Let S := USing(wj) and X$ :— X — S. The 
family of the mixed Hodge structures H n (Xg, E>s) forms a unipotent variation 
TL n of mixed Hodge structures over X$ x X$ (see chapter 4 in [G7]). Combin- 
ing it with the rigidity theorem of Vologodsky [Vol] one immediately sees that 
this variation is isomorphic to the one constructed by Hain and Zucker [HZ]. 
The canonical class [A n ] and the given forms us i provide a framing on it. We 
denote by TU 1 {uji ® ...®oj n ) the corresponding variation of framed mixed Hodge 
structures. Its fiber over a point (x, y) G X| is precisely hB(x;u)i O ... (&w n ;y). 



Corollary 6.5 Let us assume (\9(y. Then specialization of the variation of 
framed Hodge- Tate structure TL n {uJi ® ... (8> oj n ) at the tangent vector 



{v x ,v v ) e T( Xj2/) (X X X); v x ^0,v y ^0 



(106) 



is equivalent to the framed Hodge-Tate structure h(x;u>i <g> ... C>5 w„; y). In par- 
ticular it does not depend on the choice of vectors v x ,v y . 



Proof. Apply twice theorem 6.4, using first specialization with respect to 
x G X, and then with respect to y G Y. The corollary is proved. 

If x <E Sing(oji) or y G Sing(w„) then the integral is divergent, and it has 
to be regularized. The corresponding framed mixed Hodge structure is defined 
by the specialization of the variation Tt n (uJi ® ... <£> cu n ; 7) at the tangent vector 
(106), and its period is, by definition, the regularized value of the integral. 



Corollary 6.6 a) Let us assume l\9q). Then iterated integral ft9q ) is the period 
of the framed mixed Hodge structure ^99\). 

b) If X = P 1 then ( \99\ ) it is a framed Hodge- Tate structure. 



Proof, a) Follows, for instance from lemma 6.3 and theorem 6.5. Another 
way to deduce this result is provided by the results of Sections 3.2 and 3.4. The 
part b) is obvious. The corollary is proved. 

2. Framed mixed Tate motives corresponding to iterated integrals 
on A 1 . Below X = P 1 . 



53 



Theorem 6.7 Assume that x, y and non zero forms u>i are defined over a 



number field F and ( 98 ) holds. Then there is a framed mixed Tate motive 

m(x;uji <gi ... ®w n ;y) £ A n (F) 

such that for a complex embedding a : F C its Hodge realization is provided 
by h(a(x);a(ui) ® ... <E> a(uj n );a(y)). 

Proof. We apply the construction of chapter 2 to the divisor A U B C X n 
defined in s. 6.1. Thanks to the results of chapter 3 we get a framed mixed Tate 
motive over F. Corollary pji provides the comparison of its Hodge realization 



with the construction used in [G7]. In particular the constructed element (107) 
does not depend on the choice of tangent vectors v x ,v y . The theorem is proved. 

Suppose that F is a number field, v x , v y are non zero tangent vectors at the 
points x, y £ P 1 (F), and v x , v y are defined over F. 

Theorem 6.8 In the above situation for any di, a„ £ F there is an element 

l M (v x ;a!, ...,a n ;v y ) £ A n (F) (107) 

such that for a complex embedding a : F =— > C its Hodge realization coincides 
with the defined in [G7] element 

l n (a(v x ); er(ai), a(a n );a(v y )) £ U n 

Proof. If x 7^ ai and y ^ 02 this is given by theorem |6.7[ 
If x — d\ or y — 02 in the Hodge realization there are explicit formulas 
provided by lemma 6.7 (and also propositions 2.14, 2.15) in [G7] expressing the 
corresponding element as a product of the elements constructed on the first 
step. Usi ng t hese explicit formulas as a definition in the motivic case we define 



element ( 107 ) and at the same time prove that its Hodge realization is as needed. 
The theorem is proved. 

3. A geometric construction of the motivic torsor of path between 
tangential base points. The fundamental Hopf algebra A,(F) can be define 
as a commutative Hopf algebra ^4. (F) in the tensor category Vt of pure Tate 
motives. Indeed, the category Vt is canonically equivalent to the category of 
finite dimensional graded Q- vector spaces. 

The dual to the motivic torsor of path (|95| ) is an ind-object in A4t(F). We 
define it as an ind-object in the category of comodules over A,(F). For this one 
needs 

1) to construct a pro-object V in the category of pure Tate motives, 

2) to define the coaction map a : V — ► V <8> A,(F), and 

3) to check the coaction axioms for a. 
We do this as follows. 

1) The Q(— n)-isotipic component V n of V is given by 

V n := ^"iJ^P 1 - A) 
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Here, barring the trivial case A = 0, the motive 7? 1 (P 1 — A) is a pure Tate 
motive of weight 2, i.e. a direct sum of copies of Q(— 1). Its rank is |A| — 1. 
One may assume without loss of generality that oo £ A. Then there is a basis 
in H 1 (P 1 — A) given by the classes 

uj a := dlog(t - a) : Q(-l) — >• if^P 1 - A); a E A - {oo} (108) 

2) To define the coaction we, given a pair of non zero maps 

v : Q(-m) —> V m ; f : V n — > Q(-n), 

will define a map 

o(w,/) :Q(n-m) — > An_ n (F) (109) 
This map is supposed to come as the composition 

Q(-to) y m ^4 K 8) im-„(F) ^ Q(-n) ® 
Choose basis elements 

v = w hl ® ... 8wi t ; / = w 0l <8> ... <E>w „; a i; 6 3 £ A - {oo} (110) 
Consider an inclusion of ordered subsets 

/3 :{6i,.. .,b k }^{ ai ,...,a n } (111) 
provided by a sequence = io < i\ < ... < u- < ik+i = n+1 such that b p = a,i p . 
Definition 6.9 Assuming we set 

k 

a(v,f) :=^2Yll M {v aip ;ai p+u ...,a ip+1 - 1 ;v aip+ J £ A n -k{F) 
P =o 



where the sum is over all different inclusions (111). 

This definition has been suggested by theorem 6.4 in [G7]. 
Examples, i) a(v, f) = if there is no such inclusion (3. 
ii) Let i>o : Q(0) — ► Vo be the canonical isomorphism, and / is as above. In 
this case {bi, bk} is the empty set, so there is just one inclusion /3. Thus 

a(vo,f) =l M (v x ;ai,...,a n ;v y ) 

Theorem 6.10 a) Let F be a number field. Then the elements a(v, f) £ A n (F) 
provide an ind-object in M.t{F). Its dual is by definition the motivic torsor of 
path P M (f 1 ~A;v x ,v y ). 

b) There is a morphism of pro-objects in A4t(F), the composition of path, 

V M (P 1 -A;v x ,v v )®V M (F 1 -A;v y ,v z ) V M (P 1 ~ A;v x ,v z ) 

c) The Hodge and l-adic realizations of the motivic torsor of path are iso- 
morphic to the ones defined in [D]. 
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Proof. We use the lemma 3.4 from [G7] based on the injectivity of regulators 
to deduce the parts a) and b) from the corresponding statements in the Hodge 
setting. Then the Hodge part of c) is then given by the construction. 

The Hodge realizations of the motive H 1 (P 1 — A) are parametrized by the 
complex embeddings a : F > C. The different realizations H 1 (CP 1 — ct,(A)) 
are canonically isomorphic to each other. The isomorphism identifies the basis 
elements w CTi ( a ) an d ^a fa)- There is a collection of the Hodge- Tate structures 

V n (CP 1 - cr(A); a(v x ), a(v y )); a : F C (112) 



such that Gr^(-) are identified for different er's. Each a provides a homomor- 
phism of the Hopf algebras h a : A,(F) — ► TL,. The matrix elements a(v,f) 
are compatible with the Hodge realization in the following sense. 

Lemma 6.11 For any complex embedding a the element h rT (a(v 1 /)) coincides 



with the matrix element of (Hi.) corresponding to v and f (i.e. to the elements 
o/Gr. (112) identified with v and f by the Hodge realization functor). 



Proof. Follows from theorem 6.4 in [G7]. The lemma is proved. 



Using lemma 3.11 and lemma 3.4 from [G7] we deduce a) and b) from the 
corresponding fact in the Hodge realization. 

Let us prove the 1-adic part of c). In order to follow the described above 
scheme we need only to establish the 1-adic version of theorem 6.4 in [G7], which 
is interesting on its own. 

Let (do; ai, 02, a m ; a m+ i) be an arbitrary configuration of -F-points in A 1 , 
where F is an arbitrary field with /i;oo ^ F*. We define the framed mixed Tate 
Z-adic Gal(F/F)-module 

I ct (w Qo ;ai, ...,a m ;v am+1 ) (113) 

as the 1-adic torsor of path "P^^A 1 — S; v aa ,v am+1 ) where S := Ucn, framed by 
^0 and the element / E (X^-ff^A 1 — S) defined as the image under the 1-adic 
regulator of the symbol 

{t- ai ,...,t-a m }€K^(F(t)) 

Proposition 6.12 One has 

AI ct (w ao ;ai, ...,o m ;u am+1 ) = (114) 

k 

I ct (w ao ; , a lk ; u Qm+1 )<8> J| I ct K lp ; a ip+1 , % +l -i;«a 4p+1 ) 

0=j o <ii <...<i fe <j fc+ i=m p=0 
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Proof. If ao,a m +i ^ {ai, ...,a m } then the corresponding motivic torsor of 
path is given by, say, Beilinson's construction. Thanks to lemma |6.l| , if F is a 
number field is isomorphic to the motivic torsor of path we defined above. Since 



the motivic version of formula (114) has been established in this situation, and 
since the 1-a dic re alization of I jVt (ap ; ai, a m ; a m +i) is isomorphic to its 1-adic 



counterpart ( |ll3|) , we have formula (114) in this situation. By the specialization 



theorem it is valid for any configuration (a ; a±, a 2 , a rn ; a m+ i) still assuming 
that F is a number field. 

Lemma 6.13 Let X be a non empty geometrically connected curve and M €E 
A C ^(X) is the equivalence class of a lisse l-adic framed mixed Tate object on X . 
Then if restriction of M to infinitely many points of X is zero then M = 0. 

Proof. We proceed by induction. For w = 1 this is clear since Af } (X) = 
0*{X) ® Qi. Recall the following rigidity property ([BD], s. 1.7): for n > 1 
restriction to any point x : SpecF <—* U provides an isomorphism 

Exti(Qi(0).Oi(n)) -^Ext| pocF (Q,(0),Q,(")) ( n 5) 

Recall that the kernel of the restricted coproduct A' on A„(X) is identified 
with Ext^-(Qz(0), Qi(n)). The condition of the lemma implies by induction that 
A' (AI) — 0, and hence M = by the rigidity. The lemma is proved. 



It follows from this that formula (114) holds for any field F as above. The 
proposition is proved. 

The theorem is proved. 



7 The motivic shuffle relations 

We say that (xi, x m ), (n\, n rn ) are the parameters of Li rai> ... )nm (xi, x m ). 
The parameters are admissible if 

x rn ^ 1 or n m > 1 (116) 

For admissible parameters we have defined in [G7] a framed Hodge- Tate struc- 
ture corresponding to multiple polylogarithms by 

^,...,n m {xx,-,x m ) := (-l) m -f^ „ m (ai,a 2 ,..,a m ) (117) 

ai := (xi...x m y ,a 2 := (x 2 ...x m y 1 , ...,a m := x m x 

where the right hand side is the framed Hodge- Tate structure corresponding 
to the it era ted inte gral (||). Thanks to the results of previous chapters, e.g. 
theorem 6.4 and 6.5, in the case of admissible parameters the Hodge- Tate struc- 
ture l n defined in [G7] via the specialization is equivalent to the one defined in 
chapter 2. In particular it is equivalent to a Hodge- Tate structure of geometric 
origin. 
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There are two different ways to extend the definition of the Li u - and l n - 
Hodge-Tate structures to the set of non admissible parameters, keeping the 
corresponding shuffle relations. In each case the definition is provided by the 
fiber at the tangent vector d/de of the specialization functor applied to an ap- 
propriate variation of the framed multiple polylogarithm Hodge- Tate structures 
over a small punctured disc with a natural coordinate e. For the I w -elements 
such a procedure has been worked out in [G7], and called there the canonical 
regularization. For the Li w -elements this is done in this section. 

It is essentially obvious in the I w -case, and follows from proposition 7.7 in the 
Li w -case, that defined this way I H - and hi n -generators satisfy t he co rresponding 
shuffle relations for all parameters. However the basic formula (117) comparing 
the I H - and Li w -generators for admissible parameters has to be replaced by 



a more sophisticated relation - see theorem 7.8. The proof shows that the 



comparison formula from theorem |7.8| is uniquely determined if we want to keep 
the shuffle product formula for all parameters. 

Our approach to regularization of the Li-generators is contained in the last 
page of [G3], see also s. 2.10 in [G7]. We show below that, using proposition 
7.7, it is easily transformed to the Hodge or etale setting. 

For the multiple ^-numbers a different regularization of the Li-power series 
was considered by Zagier and documented by Ihara-Kaneko [IK] . A similar reg- 
ularization was used by Boute de Monville. However it is not clear how to make 
this regularization Hodge theoretic or motivic. 

For multiple poly logarithms, working on the level of numbers, it is not quite 
clear how even to formulate an explicit version of the comparison problem for 
two regularizations. Indeed, the values of multiple polylogarithms are not quite 
well defined numbers since the corresponding functions are multivalued. 

1. The power series shuffle product formula. Let us define a general- 
ized shuffle of the two ordered sets 



{xi,...,x m } and {yi,—,y n } (118) 

Take a string of points on the real line, called slots, and mark every slot either 
by Xi, or by yj, or by Xi and yj, in such a way that x a (resp. y a ) is on the left 
of Xb (resp. yb) if a < 6. The generalized shuffles are the combinatorial types of 
configurations of labelled slots obtained this way. An example is presented on 
the picture. 




For instance if m = n = 1 there are three generalized shuffles: (a;i;t/i), 
(yi;xi) and (xi, y\). The last one has just one slot where both x\ and y\ sit, 
while in the first two there are two different slots. 
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Let S Pi9 be the set of all generalized shuffles of the ordered sets {1, ...,p} 
and {p + 1, ...,p + q}. Set 

Z\ + := {(ki,...,k p ) E Z% | < fei < ... < fc p }, 

Then there is a natural decomposition of the product of cones x Z^_ + into 
a union of the cones Z° + parametrized by the generalized shuffles: 

? ++ x2« + = U^ m ^ + (119) 

For example for p = q = 1 we have 

{fci > 0} x {fc 2 > 0} = {0 < fe x < fc 2 } U {0 < fci = fc 2 } U {fci > fc 2 > 0} 

For a generalized shuffle c g S p+g consider the formal power series, conver- 
gent if \xi\ < 1: 



L ini,...,n p+g ( :2; l) — j^P+g) : — X! 



A 1 ...J- p+9 



(fc 1 ,...,fc p+ ,)ez- + "'l •■■>+« 

Then it follows from (|l!9| ) that there is an equality of formal power series, the 
power series shuffle product formula: 

^m,...,n p \ x lt •■■! x p) ' ^n p +i,...,np+q{ x p+l: •••> x p+q) = (120) 

Let cr 6 S Pj q be a generalized shuffle. Denote by <j{n\, 7i p + g ) the sequence 
of integers obtained from n\, n p+q using a and the following convention: the 
contribution of a slot of a into <r(ni, n p+q ) is the sum of the integers Hi 
sitting at this slot. We define a(xi, x P + q ) similarly using the convention that 
a slot of a contributes the product of x,'s sitting at this slot. For example 
if a is the generalized shuffle of the sets {1} and {2} with just one slot then 
Li<r(i,i)(o-(xi,a; 2 )) = Li 2 (xix 2 ). 



Using this convention we can write the right hand side of (120) as 



Li CT (n 1 ,...,n p+ ,)(CT(xi,...,a;p +9 )) (121) 

2. The category of unipotent variations of Hodge- Tate structures 

on C*. Recall that it is canonically equivalent to the category of graded fi- 
nite dimensional comodules over the corresponding fundamental Hopf algebra, 
denoted ^^(A 1 — {0}), (see for example [G7] ch. 3). There is the canonical 
element 

\og n e e ^(A 1 - {0}) = Ext^ ffS(AI _ {o}) (Q(0),Q(l)) 
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Lemma 7.1 There is an isomorphism of graded commutative algebras 

A? {A 1 - {0}) = H. ® Q Q[log w e] 

Proof. Indeed, let X be a smooth complex algebraic variety and L^(X(C)) 
the fundamental Lie algebra of the category of unipotent variations of Hodge- 
Tate structures on X(C). Then there is an exact sequence of Lie algebras 

— ► L scom (X(C)) — » L?(X(C)) — > L?(S P ec(C)) — ► 

where L gcom (X(C)) is the geometric fundamental Lie algebra. It is isomorphic 
to the Lie algebra provided by the pronilpotent completion of the topological 
fundamental group. Therefore in the case X = G m we have L geom (C*) = Q(l). 
Applying the Poincare-Birkhoff-Witt theorem we get the lemma. 

3. The framed Hodge- Tate structures corresponding to multi- 
ple polylogarithms. We want to define the framed Hodge- Tate structures 



Li„ n (x%, ...,x m ) for all Xi and all rij > so that they coincide with (117) 



for admissible parameters, and satisfy the shuffle relations (|120| )-(121) for all all 
parameters. 

Lemma 7.2 Let U* be a punctured at zero disc. Suppose that Xi(e) are holo- 
morphic for ee (J*, and n rn > 1 or x m {e) ^ 1 for small non zero e. Then for 
a sufficiently small disc U* the framed Hodge-Tate structures 

^n u ...,n m {xi{z),--->Xrn{£))] 6 G U* (122) 

are equivalent to fibers of a certain unipotent variation of Hodge- Tate structures 
over U* . 

Proof. This is a standard general fact. In our case it follows immediately 
from theorem 5.5 in [G7]. Indeed, translating the assertion of that theorem 
from the I— to the Li— notation we get the following. Say that (xi, x m ) 
and (x' 1; ...,x' m ) are of the same combinatorial type if Xi...xj = 1 if and only if 
x\...x'a = 1. Then the canonical (in the sense of [G7]) Hodge-Tate structures 
Li^ n (ixi ■■■i x m) form a unipotent variation over the space of all configu- 
rations of points (x%, x m ) of given combinatorial type. Making U* smaller 
we can assume that (xi(e), ...,x m (e)) has the same combinatorial type for all 
e £ U*. The lemma is proved. 



If x\...x m ^ 0, by lemma 7.2 there is a unipotent variation framed Hodge- 
Tate structures on a little punctured complex disc with a natural parameter e 
whose fibers at points e are 

L% u ^ n Jx 1 (l-s) ) ...,x m (l-e)) (123) 

Observe that the parameters of these elements for small e ^ are admissible. Its 
specialization at e = is a unipotent variation of framed Hodge-Tate structures 
on the punctured tangent space. It provides the element 

Lv,..., lim fe,..,%)e^(A 1 -{0}) 
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The tangent space is equipped with coordinate e. By lemma 7.1 we have 

■ H 

,...,n m v^l) x rn) — 

fc>0 



Li ni ,..., nm (^l) -,X m ) = Y2 U n 1 ,...,n m ( X ^ ■■; x m)(k) ■ (log™ sf 



(124) 



We dehne Li 



H 



(xi, ...,x m ) as the constant term of this expression. We set 



•H 



I ji ni,...,n m ( a; li ■■■> x rn) = if X\...X m = 



Proposition 7.3 For admissible parameters we have 
■ u 



LL 



( (%1 j ■ ■• i £m) — ^711, ...,«« ' " ■' X m) 



Proof. Follows immediately from the specialization theorem 4.5 



Theorem 7.4 For any i, £ C and any positive integers rii then there is a 
shuffle product formula 



Lin 1 ,...,ra p ( a; l» x p) ' ^Ki p+1 ,...,n p+q ( x P+ly •••) ^P+q) 
XI Li Wni,...,n,+ s )( (7 ( Il '-' E jH-«)) 



(125) 



There is a similar formula with Li w replaced by Li 

4. The strategy of the proof of theorem |7.4| . The proof consists of 
two steps of different nature. 
Step 1. 

Theorem 7.5 Suppose that the parameters (x\, ...,x m ) of each of the terms in 
( 125 ) satisfy the following condition: 



■ H 



7^ 0; 1 / {*^m ' [Xra— l*^m) ; ■■■ [x\ • ■ -^m) } 



(126) 



Then the shuffle product formula (121 ) is valid. 



We will prove this theorem in chapters 9 below. An essentially different proof 
will be outlined in chapter 11. Now let us assume theorem 7.5 and proceed to 
the proof of theorem 7.4. 



Corollary 7.6 The shuffle relations (121) are valid if all the terms in (121) 
are admissible. 
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Proof. Suppose that parameters (xi, x m ) satisfy the condition of the 
corollary. One can find a little complex curve U passing through the point 
(xi, x m ) such that the corresponding punctured curve U* lies in the domain 
determined by conditions (126). For sufficiently small U there are unipotent 
variations ove r U* corresponding to the terms of ( |125| ), and by theorem 7.5 we 
have identity (125) for the corresponding framed variations. Taking specializa- 
tion, and using the specialization theorem, we get the corollary. The corollary 
is proved. 

Remark. To get corollary 7.6 it is sufficient to have formula (125) for any 
non empty Zariski open subset of the parameters set. 
Step 2. 

Proposition 7.7 Suppose that X{(s) G C* are holomorphic for small e , xz+i(0) = 
... = x m (Q) = 1, and ni > 1 or xi(0) ^ 1. Assume in addition that x m (e) ^ 1 
for small non zero e, or n m > 1. Then 

[%=o] L C 1 ,... ! n,,L...,l( a; l( £ ).-^l(£) 1 %l(£)v,3;m(£)) = 



[S P 



i(xi(0), ...,xi(0),xi + i(e), ...,x m (s)) 



Proof. Thanks to lemma |7.2| the use of the functor Sp E=0 is legitimate. 
We prove the proposition by induction on k :— m — I. If k = it follows from 



the specialization theorem L5. The induction step is deduced from theorem 7J3 
Namely, consider the shuffle formula for the product 



-,xi(e)) ■ Li^.^^+i^), ...,x m (e)), e^O 



(127) 



Thanks to the condition in the proposition all the terms in the shuffle product 
formula are admissible for e ^ 0, so the shuffle product formula is available by 
theorem 7.5. This formula is a sum of several terms. One of them is 



Li 



H 



, ni ,i,...,i( x i( £ ), -;Xi(e),xi +1 (£), ...,x m {e)) 



(128) 



In the rest of the terms xi+i(e) stays strictly to the left of xi(e), or appears 
in the variable xi(e)xi + i(e) coupled to the index ni + i + 1. For each of these 
terms our induction invariant k is down at least by one. Thus by the induction 
assumption applying Sp £=0 we can replace all the variables on the left of xi (e) 
by their values at e = 0. 

On the other hand, thanks to the condition xi(0) ^ 1 or m > 1, the special- 
ization theorem implies 

[SPe=o]Li£ ,...,„, (a: 1 (e),...,x»( e ))=Li^ f ... fn|f ( a;i (0),..., a : I (0)) 



So the product (|127| ) equals to 



Li 



H 



(xi(0), ...,Xi(0))Li^ 1 (xj+i(e), ...,x m (e)) 
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One of the terms in the shuffle formula for this product is 



U n u ..., ni A,...,i( x i(°)^ .:,xi(0),xi +1 (e), ...,x m (e)) 



(129) 



By induction we already know that the specialization of t he ot her terms equal 
to the specialization of the ones in the shuffle formula for (127). Thus 



[S Pe=0 ](12?) = [Sp e=0 ]rtl2 



The proposition is proved. 

Now we can finish the pro of of theorem 7A, The case when x\...x m — is 
trivial since all t he t erms in ( 125 ) are zero. So we may assume x\...x m ^ 0. 
Then by theorem 7.5 we have the shuffle product formula 



Li£,...,„ >i(l 



■),...,x p (l-s)) -Li? 



p+ i,...,n p+<! 



(xp+i(l - e), ...,Xp+ q (l - e)) 



T \ H 



q) (a(xi(l - e), ...,x p+q {l - s))) 



(130) 



Applying to it the functor [Sp £=0 ] we get a valid formula. It remains to match 
the terms of that formula with the ones of (125). For the left hand side of (130), 
as well as for the terms in the right hand side of depth p + q, this is clear from 
the very definition. For the depth < p + q terms in the right hand side this is 
deduced from proposition 7.7. Indeed, there exists a slot of a given generalized 
shuffle where two indices sit: and rij. Take the very right such a slot. Since 
ni + rij > 1 we may replace the corresponding variables x s (1 — e) a ^ at this slot 



and all the slots to the left of it by x Sl as well as by x s (l — e). Theorem 7.4 is 



proved assuming theorem 7.5. 

5. The canonical specialization and the comparison theorem. Con- 
sider the unipotent variation framed Hodge- Tate structures over a small punc- 
tured complex disc with the coordinate e, whose fiber at e is 



Li 



H 

m,. 



\Xi) Xfn—i : X m (\ £t)) 



Observe that 



Li 



H 



,n m v^li ••■! x r, 

l",...,n m (°; {xi-.x m )-\ ...,x m L ; (1 - £)) 



-i,x m (l - e)) 



(131) 



(132) 



So according to [G7] the fiber of its specialization at d/de serves as the 
definition of the Hodge- Tate structure Li^ . nm (xi, x m ) for arbitrary set of 
parameters. This procedure was called in [G7] the canonical regularization. 

The specialization of the family (131) provides the element 



I^ i! ... !rim (a 1 ,...,a m )G^(A 1 -{0}) 
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Theorem 7.8 For any Xi € C one has 

LC,...,„ m (a;i, -,x m ) = L o 1^ nm (oi, a TO ) 

Proof. Let us establish first the case when n,; = 1 and Xi = 1 for all i. 
Observe that (see [G7]) 

Ci « a M - e) = 02i^)): 



Lemma 7.9 



exp 



(133) 



«>0 



Proof. Applying to bot h pa rts of to ( 133 ) and replacing the ex pone ntial 
factor by the left hand side of (133) we get the following corollary of (133) 

]T (-l) fc Li^ +1 (l)-Li^. 4 (l, l)u k+l = (m+l)LV.. 4 (l, .., l)-u m (134) 



k.l>0 



m>0 



m+1 



Argu ing by induction on n we see that it is equivalent to the original identity 
(133). Indeed, all the terms in the exponential have degree at least 1, so we can 
use the induction a ssum ption to replace the exp-term in the formula for -4- (the 
right hand si de o f ( |l34| )) by the left hand side of (133). 

Formula (|134|) is equivalent to collection of identities, one for each m: 



^(-l) fc L4 +1 (l) ■ L:'l.,n- 1) = (m + l)Li* .^(l, 1) 



k=0 



m—k 



m+1 



Writing the shuffle relations (available by theorem 74), for each term in the 
sum, and taking the sum, we get the last identity. The lemma is proved. 
Examples. We have 

Li^l) •Li?(l)-Li?(l) = 2^(1,1) 
Li* (1) ' Li* (1, 1) - Li?(l)Lif (1) + Li*(l) = 3Li* M (l, 1, 1) 



So 



Lir 1 (i,D=- Li " (1) ■ (loge)2 



■ H 



Li liU (l,l,l) = 



2 2 
Lff(l) Lff(l)lo ge (loge) 3 
3 2 6 
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Now let us treat the general case. We present Li„ n (xi, 



Li 



H 

m,...,nj,l) 



where fi; > 1 or i; ^ 1. We will prove the theorem by induction on m — I. 
By proposition 7.7 Li ni n (xi, x m ) is the specialization of the variation 



Li 



H 

ni , . . . : ni , 1,. . . ,1 



(xi,...,xi,l -e,..., 1 -e) 



In particular this settles the case m — I = 0. Lemma [7.9| just means that the 
theorem is true for Li^ 1 (1, 1). Consider the shuffle product formulas 



Li 



H 



• ■■■) %l, 



Li«.. ;1 (l -£,..,!-£) 



L1 ni,.,ni 
as well as 



(135) 
(136) 

(137) 

1 ni,...,m,i,...,iv a 'i> •"') ■'•i A > - 1 - ~~ c ^ "r UiXC lcou W1 Uilc " ciiiii = (138) 

Let us apply the < Sp 6=0 > functor to these identities. Thanks to the lemma 
we have (135) = Lo (|137|). By the induction assumption we have 



Li 



H 



1 Xi, 1 — e, 1 — e) + the rest of the terms 



I ^ 1 ,..., ni fa,...,xi,)-U^_ A (l,...,l,l-e) 
i(xi, xi, 1, 1, 1 — e) + the rest of the terms 



[Sp e=0 ](the rest of the terms in (136)) = 



L o [Sp e=0 ](the rest of the terms in (138)) 



It follows that 



[Sp^olLim,...,^,!,...,!^!,-,^,! -£,...,!-£) = 



L o [Sp e=0 ]L^ Uiiiiniiliiiiil (xi, x u 1, 1, 1 - e) 
The theorem is proved. 

Corollary 7.10 There exists an explicit formula expressing Li^ 
via Li^(— ) with admissible parameters. 



(xi , . . . , x m ) 



Proof. Theorem 7.8 (and a shuffle product formula) provides a formula 
expressing Li^ n (xi,...,x m ) as Q-linear combinations of I^(— ) with not 
necessarily admissible parameters. Non admissible I^(— )'s are expressed as 
linear combinations of admissible ones using explicit formulas from lemma 6.7 
( or fo rmulas from proposition 2.14 and 2.15) in [G7]. It remains to use formula 
(117). The corollary follows. 

6. The shuffle relations on the motivic level. 
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Theorem 7.11 Let F be a number field. Suppose that xi £ F. Then 
a) There exists a framed mixed Tate motive over F 

L^,„ ]nB (ii,..,i m ) &A W {F) (139) 

so that for any embedding a : F C its Hodge realization coincides with 



Li 



H 



(cr(xi), ...,a(x m )) e U u 



b ) There is a shuffle product formula 

Li ni: ...,n p (^li x p) ' ^Ki p+1 ,...,n p+q ( X P+l J ■••) x p+q) 
Y, U £tn u ...,n p+t )(<r(xU-,Xp+q)) 



(140) 



Proof, a) If the parameters of ( |139[ ) are admissible the construction is given 
by the results of chapters 2 and 3. In particular its Hodge realization is the same 
as the one defined in [G7] thanks to the specialization theorem. 

If the pa rame ters are not admissible, we use the ex plici t formulas provided 
by corollary 7.10 (with Li w changed to Li^ ) , to define (|l39| ) . The compatibility 
with the Hodge re aliza tion is then obvious. 

b) By theorem 7.4 the shuffle product form ula i s valid on t he H odge level. 
Therefore a) and lemma 3.4 from [G7] provide (14C). Theorem 7.11 is proved. 

7. The shuffle relations in the Z-adic setting. 



Theorem 7.12 Let F be a field and £ F. Suppose that Xi G F. 
a) There exists a framed l-adic mixed Tate Gal(_F / F) -module 



Then 



Li?, 



(xi 



e A e :(F) 



(141) 



b) If F is a number field, the l-adic realization of ^13!\ ) is given by (HI) 

c) The elements (HI) satisfy the shuffle product formula (HQ- 



Proof. If F is a number field we can apply the l-adic realization functor to 
the motivic objects from theorem 7.11. In particular this way we can settle the 
important case when Xi are roots of unity. 

In general we proceed just as in the Hodge case, since the proofs of all the 
results we used there work also in the l-adic situation. More specifically: 

a) If the parameters arc admissible the part a) is given by the constructions 
of chapters 2 and 3. In general we define (141) by specialization, via the l-adic 
analog of the definition of Li. The l-adic version of the specialization theorem 



4.5 



guarantees that these two approaches give the same result in the case of 
admissible parameters. 

b) In the case of admissible parameters this is true thanks to the results of 
chapters 2 and 3. For non admissible parameters we work out the l-adic version 



GG 



of corollary 7.1C, which follows from the 1-adic version of theorem |7.8| and the 
1-adic version of lemma 6.7 in [G7], and use it just as we did in the Hodge case. 

c) Just as in the Hodge case, it is deduced from the fact that it is true for 
generic parameters (see the part d) of theorem [0| which is the 1-adic version 
of theorem 7.4) and specialization theorem 4.5. The theorem is proved. 



8 How to prove identities between periods 

Below we discuss two general approaches to prove identities between the framed 



objects. Then we apply each of them to prove theorem 7.5 in the double loga- 
rithm case 

The first approach suggested below allows to reduce a proof of any functional 
equation between the framed mixed Tate objects, e.g. Hodge- Tate structures, 
to a routine calculation. This method is of algebraic nature, it proceeds by 
induction, and relies only on the formula for the coproduct of the corresponding 
framed objects, plus the fact that the identity is true at one particular point. 

The second is the well known direct approach to the problem. Any relation 
between the framed mixed Tate structures of geometric origin is supposed to 
have a proof of this kind. However such a proof does require an inspiring guess. 
So, unlike the first method, it is not an algorithmic procedure. 

Both methods work equally well in the Hodge or 1-adic setting. 

1. The Li-shuffle relations for the double logarithm mixed Tate 
objects. For xy ^ 0;y ^ 1 we follow [G7] and define the double logarithm 
framed Hodge- Tate structures by 

Lift (a, y) :=I«((^)- 1 ,y- 1 ) 

They are fibers of a unipotent variation of framed Hodge- Tate structures over 
a bit smaller domain (see [G10] or [G7]): 

{(x,y)cC* xC*\x^l;y^l;xy^l} (142) 



Theorem 8.1 a) For any (x,y) from the domain (lJ^i) one has 

Liftz)Lifty) - (Lift (a:, y) + Lift (</,£) +U?(xy)) = (143) 
b) The l-adic version of this identity holds. 

2. Two methods to prove identities between the periods. The first 
requires to introduce parameters, i.e. interpret the periods as special values of 
period functions arising from (unipotent) variations of mixed Hodge structures 
of geometric nature (e.g. multiple poly logarithms). Then we proceed as follows: 

1). Prove that the differential of the suspected identity is zero. So it is valid 
up to a constant. Specializing to a (degenerate) point check that it is zero. 
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This method always works, but sometimes requires a lot of routine labor. 
The reason it is so efficient is provided by the following basic fact: 



^(weight w unipotent period function ) 



(weight w — 1 unipotent period functions) • d log fi 



where /$ 6 C(X)* are some rational functions. So taking a basis in C(X)* and 
decomposing fi in this basis we find out that one needs to prove some identities 
for the weight w — 1 period functions. So we proceed by induction on the weight. 
Example. To prove formula (ffl) we use 



Then an easy algebraic calculation shows that the differential of (|7|) is zero. It 
remains to notice that formula (]?]) is obvious for x = y = 0. 

Remark. Of course formula (|t]) is obvious by the power series expansion, 
but as far as we know this approach has no apparent Hodge/motivic incarnation. 

The second approach is this: 

2). Prove an identity between the periods by using identities of algebraic- 
geometric nature between between the corresponding differential forms and cy- 
cles, and the Stokes formula. 

This method does not require to interpret the periods as special values of 
some period functions. 

The Hodge/motivic version of the first method is explained in section 8.3. 
The second method is manifestly motivic. 

3. How to prove identities between the framed objects. The motivic 
version of the first method is based on the following rigidity lemma. We spell it 
first the Hodge case. Recall that A is the coproduct in the Hopf algebra H. of 
the framed Hodge- Tate structures. Similarly one can consider the Hopf algebra 
of unipotent variations of framed Hodge- Tate structures over a base S. 

Lemma 8.2 Suppose that H$ is a unipotent variation of Hodge- Tate structures 
over a connected manifold S framed by Q(0) and Q(n), where n > 1. Then if 
A kills Hs then Hs is equivalent to the constant variation over S representing 
an element o/Ext M -jj iS / i §(Q(0),Q(n)). 

In particular if H(s) is the fiber at a point s € S then it represents an 
element of Ext MHS (Q(0), Q(n)) which does not depend on s. 
Proof. Recall that KerA C H„ is identified with 



dLii,i(x, y) = log(l - xy) ■ d log 



xQ- - y) 
1-x 



+ log(l-y)-dlog(l-x) 



ExtU 5 (Q(0),Q(n)) 



C 



CH. 



(27TiQ) 



n 



■n 
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The Griffiths transversality condition implies that for n > 1, and a connected 
smooth base S, one has 

ExtUs(Q(0),QN) = ExtUs/s(Q(0),Q(r*)) 

The lemma is proved. 

A general method to prove that an element Hi(s) G 7i n is zero: 

1) Find a variation of framed Hodge- Tate structures over a smooth connected 
base S whose fiber at s G S is equivalent to ^ -ffj(s). 

2) Check that A(£\ JZ,-(s)) = for all s G S. 

3) Prove that it is zero at a single point sq G S, or that specialization of the 
underlying variation at a certain tangential base point at infinity is zero. 

Thanks to lemma S.2 the conditions 1) and 2) guarantee that our variation 
is constant, and 3) implies that it is zero. 



In the 1-adic case there is a similar rigidity lemma provided by (115). Thus 
we can repeat the described above scheme in the 1-adic case. 

4. The first proof of theorem 8.1. We apply the method above to 
the left hand side of (142). Recall the following formula for the coproduct, see 
proposition 2.3 in [G10] or example 1 in ch. 6 in [G7]: 



AU™(x,y) = (l 



xy) <g> — — + (1 - y) ® (1 - x) e 



1 



® 1 



Here CJj = C* ® Q, and the last isomorphism is provided by the canonical 



isomorphisms Hi = Ext] w - ifs (Q(0), Q(l)) 



Therefore 



A(Li^ (i, y) + Li^(y, x)) = (l- xy) ® xy + (1 - y) ® (1 - x) + (1 - x) <g> (1 - y) 
and, since Li^(z) = — (1 — z) G Cq = TL\ , 

A(-Li^(xy) + Li^(a;)Li^(y)) = (l-»p)®xy + (l-i/)®(l-a;) + (l-a;)®(l-i/) 



Thus A kill s the left hand side of (142). Each of the objects from the left hand 
side of (142) is a fibe r of a certain unipotent variation of Hodge- Tate structures 
over the space (142), fram ed by Q(0) and Q(2). Taking the specialization of 
the left hand side of (143) at x — 0, and after this at y = we see that each 
term in (143) specializes to zero. This implies the Hodge version of the theorem. 
Therefore we have the motivic version of this result when x, y are from a number 
field. The 1-adic case now follows from lemma 6.13. Theorem |3.l| is proved. 

The second proof of theorem 8.1. A peculiar property of formula 



(143) is this. Even for generic x, y, and even on the level of framed Hodge- Tate 
structures, one of the terms in the formula, Li^(ccy), was defined in [G7] not 
directly, but using the specialization (= canonical regularization) , which is a 
rather sofisticated functor from the algebraic geometric point of view. So the 
first thing we might want to do is to use a model where a geometric definition 
of L'Jf(xy) is available. Here is how it works. 
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Let us blow up the point (0, 0) at the (ti, t 2 ) plane. The natural coordinates 
on the blow up are (u\,u 2 ) such that t\ = u\u 2 and t 2 = u 2 . The iterated 
integral for Lii,i(x, y) on the blow up looks as follows. 

Lii,i(z,2/) = / 7 TTT A 



/ 



0< tl <i 2 <l ti - {xix 2 ) 1 t 2 - . 

d(uiuo) du 2 
_ A 



/0<«,<1 u l"2 - {X1X 2 ) 1 U 2 - Z 2 1 

Introduce new variables Vi — Xim we arrive to the identity 

t • / \ /* d(viv 2 ) A rf"2 

Jo<Vi<Xi viv 2 - 1 u 2 - 1 

Similarly 



Li M (y,x) = / 



d(t>iv 2 ) cfoi 



UlU 2 — 1 «i — 1 



and 

T . /" ^1^2) . dv 2 f dvx A dv 2 
Li 2 (xy) = / A = / - 

On the other hand 

U 1 (x)U 1 (y)= [ _^^_ A -^- 

Jo<v,<x t V-i-l V 2 -l 

One has an equality of rational differential forms 

dvi dv 2 d(viv 2 ) dv 2 d(viv 2 ) dv x dvi A dv 2 ... 
" A 1 = , ~ .. A- , . A- - + - — — (144) 



l — vi 1 — v 2 1 — V\v 2 1 — v 2 1 — wii; 2 1 — vi 1 — wi« 2 

To check it one can develop the denominators in the left and right hand sides 
into the geometric progression 

^2 v i lv 2 2 •dv 1 Adv 2 = ( X! + + X! ) v i lv 2 2 ■ dv i A dv 2 

0<fei,fe 2 tt<k 1 <k 2 fei>/£2>0 fci=fc 2 >0 

Let us interpret each of the integrals above as periods of appropriate framed 
Hodge- Tate structures. 

Lifting the real triangle < t\ < t 2 < 1 on the blow up we get a square 
< Ui < 1 denoted C 2 . It is just the same as the rectangle < Vi < Xj. 

Let U(2) be the affine chart on the blow up where the coordinates (ui, u 2 ) are 
defined. The square C 2 lies inside of U( 2 )(R). Each of the four double integrals 
above has the form 

/ n (145) 
Jc 2 
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where fi is one of the 2-forms from (144). 

Denote by the restriction to U(2) of the preimage of the algebraic triangle 
B := {0 = ti}U{ii = i 2 } U {^2 = 1}- Thus the square provides a generator 

[C 2 ]eff 2 (U (2) (C),C ( * 2) (C)) 

Let Sing(fi) be the singularity divisor of f2. Then if y ^ 1 and f2 is one of the 
forms in (144) then Sing(O) U CL-. is a normal crossing divisor on U 2 . 

Remark. For generic x, y a similar pair of divisors on the (ti, i 2 ) plane is a 
normal crossing divisor for Lii j i(x, y), but not for Li 2 (xy). We had to make the 
blow up to get a normal crossing divisor for Li 2 (xy) . 

So setting 



(2),n ■— °(2) 



C ( * 2) n Sing(fi) 



we see that integral (|145| ) is a period of the framed Hodge- Tate structure of 
geometric origin 



(ff 2 (U (2) -Smg(f)),C ( * 2)jn ),[C 2 ],[fi] 



It is equivalent (and in fact isomorphic) to the corresponding term in ST. Re- 
placing Sing(fi) in H 2 (U( 2 ) — Srng(fi), C? 2 s Q ) by the union of such divisors for 
all four 2-forms appearing in (144), and cutting down C* 2 ^ accordingly, we get 



a framed object equivalent to the one above. Applying to these objects identity 



(144) and lemma 5.3 we get theorem S.l in the Hodge setting, and hence, as 
explained in the end of s. 8.3, in the motivic and finally 1-adic settings. 
6. Calculation of h(^ 1 (x, 1). By proposition 7.7 for x 1 we have 



Liftfol) ^Sp^Liftfol-e) 
If x 7^ 1 applying the Sp e ^ functor to 

Li^(l -e)Li^(x) = Li^(l - e,x) + U^ x (x, 1 - e) + L#((l - e)x) 



we get 



L^Ax,!) 



This identity (as we already know) remains valid fop x = 1. 



9 A proof of theorem |7.5| 



In this chapter we give an algebraic-geometric proof of the shuffle product for- 
mula from theorem 7.5. The subtlety of this problem is explained by the fol- 
lowing. Even for generic Xj, and even on the Hodge level, the depth < p + q 
terms in (125) were defined in [G7] by using the specialization functor, which is 
a rather sofisticated functor from the motivic point of view. So we wanted to 
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find a model where a direct geometric definition of all terms is available. Below 
we use a sequence of blow ups which transforms the algebraic simplex to the 
algebraic cube. After this we use arguments similar to the one used in chapter 
5. 

1. The set up. Let t be the canonical coordinate on X := A 1 , and and 
ti, t n the coordinates on X n . Recall the standard algebraic simplex B in X n : 

B:= {0 = ii}UOi=t 2 }U{i 2 =t 3 }U...U{t n _i=i„}U{t n = l} (146) 

Let us use the flag of subvarieties 

{0 = ii = ... = t n } c{0 = h = ... = t n -x} C ... C {0 = h = t 2 } 

of dimensions 0, 1, n — 2 to construct a sequence of blow ups of X n . Namely, 
blow up the zero dimensional subvariety on X n , then blow up the strict preimage 
of the one dimensional subvariety of the flag, then blow up the strict preimage 
of the two dimensional subvariety of the flag, and so on. On the final stage we 
get a variety denoted Yr n \. The preimage of the divisor B in Y(„) is denoted 

C(n)- 

Lemma 9.1 The divisor Gi n ) has a shape of the n- dimensional cube. 

Proof. After the blow up of the point {0 = t\ = ... = t n } the preimage of 
D has the shape of A 1 x A" -1 . Then one proceeds by induction. 

Another way to see the cube is this. By the very definition of the blow up the 
divisor Cr n ) has a shape of the polytop obtained as follows. Take the standard 
simplex 

A" = {0 < t x < ... < t n < 1} C M" (147) 

and cut out the vertex (0, ...,0) by a hyperplane t n = e, e > 0, then (the re- 
maining of) the edge (0, 0, t) by t n _i = e, then cut out the 2-face (0, 0, t, t) 
and so on. The polytop we get is a cube. The lemma is proved. 

There is a natural coordinate system (ux, u n ) on Y/ n \ such that 

tx=Ux—u n ; t 2 =u 2 ...u n ; ... ; t n -x — u n -xU n ] t n — u n (148) 

so that 

^i t 2 t n —X 

ux = —, u 2 = —, ... u n -x = — — , u n = t n 

t 2 t3 t n 



Then the standard simplex (147) is transformed to the standard cube 

c„HK-,«n)cr | o<Ui<i} 

Let w := nx + ... + n m . Let us write integral representation (??) on the blow 
up Y(w) using the variables Ui. Then introduce another variables Vj: 

Uj if j ^ nx + ... + nk for some k 

x p u ni+ ... + n k if j = nx + ... + n k for some k 
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The cube C w looks in this coordinates as the cube 

Cm , . . . ,n m (-^l j ■ • ■ ) 3*171 ) • (149) 

{(vi, ...,v w ) I < v ni+ ... +rlp < x p , < Vj < 1 otherwise} 

Let us split the sequence of variables i>i, v w into m consecutive segments 
of lengths n\ , . . . , n m : 

Si ■— V\ , .. ., v ni ; S*2 := v ni +ii •••! ^m+n^ ! ■■■ ! := ^tu— n m +ij •••> ^tu 
ni terms ni terms n m terms 

(150) 

and, using this splitting, define the following differential form on Yt w ) '■ 

^ni ,...,n m (*^li---i*^m) ,== 

d(fi...^) ^ d(^ 2 -^) A A d(v ni ...v w ) A A 51 



ni factors 

rf(«w-n m +l • ••■ • v w ) d^w^/Uw) dv v 



For example 



rim factors 



d(wiW2W 3 ) . d(v 2 v 3 ) dv z 

ih,\\x\,X2) ■= - A A 

1 - V1V2V3 V2V3 V3 



Let us stress that it indeed depends on the parameters Xi since the variables Vj 
were defined us ing Xj's and the natural coordinates Uj on Yt w y On the other 
hand the cube fll49|) on Y( w ) does not depend on Xi'a. 

To clarify the algebraic nature of this differential form recall the map 

dlog A " : A n F(Y)* — > ni g (F(Y)) (152) 

fi A ... A /„ .— > d!og(/i) A ... A dlog(/ n ) 
The form ( |l5l|) is obtained by applying such a map to an element 

Fm,...,n m {xu...,x m ) G A'"F(F( tu ))*; F = Q(zi, ar m ) 

Precisely, F ni) ... jTlm (x 1 ,...,a; fn ) = (-l)"7i A ... A f w where 

f ._ f n,:>j u i if j ^ ni + ... + n fc + 1 for some k 

I 1 — 0<>j if j = «i + — + »fc + 1 for some fc 

For example 

^2,1(21,0:2) = -(1 - W1W2W3) A (W2W3) A i> 3 
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Lemma 9.2 One has 

Lini ,. . . ,n m \<E\ i ■ ■ ■ > %m ) / ^ni,...,n m (^1 ) •••) ^m) 

Proof. Here is how it works in the simplest cases. For Lii^z, y) see ch. 8. 
Example 1. In the case of Li2,i(x,y) the computation looks as follows: 

x • / \ , n2 f d( Ul u 2 u 3 ) d(u 2 u 3 ) du 3 

Li2,i(a;,y) = (-1) / 7 — rr A A 7 < < 1 

J uiu 2 u 3 - (xy) 1 u 2 u 3 u 3 - y 1 

Changing the variables v\ = xu\, v 2 = u 2 , v 3 = yu 3 we get 

d(viv 2 v 3 ) ^d(v 2 v 3 ) dv 3 f v 3 dvi A dv 2 A dv 3 



C 2 ,x(x,y) 1 - VlV 2 V 3 V 2 V 3 1-V 3 Jcz^xa) i 1 ~ VlV 2 V 3 )(l - V 3 ) 

Example 2. For Li 3 (x) one has: 

t • ( s f d{u!U 2 u 3 ) d(u 2 u 3 ) du 3 

Li 3 (x) = / — r A A ; < m < 1 

J U\U 2 U 3 - x u 2 u 3 u 3 

Changing the variables v% = u\x, v 2 — u 2 , v 3 — u 3 we get 

d(v\v 2 v 3 ) d(v 2 v 3 ) dv 3 f dv\ f\ dv 2 /\ dv 3 

A — A ' 



C 3 (x) 1 - VlV 2 V 3 V 2 V 3 V 3 Jc 3 (x) 1 - V!V 2 V 3 

In general the proof follows the same pattern. The lemma is proved. 

2. A framed mixed Tate motive corresponding to multiple polylog- 
arithms with general arguments. Let U/ w \ be the affine chart of Yt w \ were 
the coordinates u\, ...,u w are defined. So there is an isomorphism (m, ...,u w ) : 
U (tu ) A". Observe that C w C U (u)) (R). 

Let f2 be a differential w-form on U w with logarithmic singularities at the 
divisor Sing(fi) C U w . We will assume that fi is in the image dlog A ™ map, see 
(152). In particular it is of weight 2w. Let us suppose in addition that 

Sing(ri) does not contain any face of the algebraic cube Ct w \ (154) 

We set 

C\ w) := C {w) n V w ; C* {whn := C* [w) - (Cfo n Sing(fi)) 
Then there is a mixed motive 

H^CU^-SingCnj.C^n) (155) 

as well as its Hodge and 1-adic realizations. 



Lemma 9.3 Lei ms assume (12t ). Then the form 

:= n ni ,...,„ TO (xi,...,a; m ) (156) 



satisfies condition (15t). 
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Proof. It is sufficient to prove that Sing(O) does not contain any vertex of 
the cube, which is clear from a computation in the coordinates itj. 



Thanks to lemma 9.3 the object ( |155| ) is canonically isomorphic to H (U^) , T\ 
for A :— Sing(f2) and B := C/ W y If Xi are elements of a number field satisfying 



(126) then ( |155| ) is defined as a mixed Tate motive. 

The constructions of chapter 2 provide a natural frame on the object (|155|) . 
Its weight 2w component is provided by the cohomology class [SI] . The weight 
component is provided by the relative homology class 

[C w ]eH w (V {w) ,C* {w} ) (157) 

of the cube C w . 



Proposition 9.4 Let us assume (126). Suppose that SI is given by (15t ). Then 



there is an equivalence of framed Hodge-Tate structures 

U^ in J Xl ,...,x m ) ~ (H W (U {W) -Smg(0),C ( * w)) J,[CJ,[0]) 

If Xi are elements of a number field then there is a similar equivalence of framed 
mixed Tate motives. If Xi € F and /i;°o ^ F then there is a similar statement 
in the l-adic case. 

Proof. This is a very particular case of the situation considered in chapters 
2 and 3. The proposition is proved. 

3. Some algebraic identities between the differential forms. Set 

Sj := Y[ V i = J! Vi = Xj Yl u i ( 158 ) 

Vi£Sj nj<i<n,j+i — l nj<i<rij + i — l 

Lemma 9.5 One has an identity of formal power series 

Si ni ,...,n m (x 1 , ...,x m ) := ( ^2 s i 1 — s m*) ' dvi A ... A dv w 

0<ki<...<k m 

The right hand side is convergent if Xj S C and \xi\ < 1. 
Proof. One has 



S^ni , . . . ,Tl m 1 ' '"3 ^ m ) 

nm TT m t 

3 =2 S 3 [lj=3 S 3 1 



( ^ S l 1 -'- S m 1 ) • dv l A ■■■ ^dv. 



■ dv\ A ... A dv w = 



0<fei<...<fc„ 



The power series are convergent on the cube C w if \xi\ < 1. The lemma is 
proved. 
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Let m, rip+ q be positive integers and w = ni + ... + n p + q . For a generalized 
shuffle a £ £ p , g consider the form with formal power series coefficients 

^.....n^i.-.W := ( E fl i I - s Jf?) • d"i A ... A dw„ (159) 

This power series are convergent on the cube C w for |xj| < 1. 

Let W\ = Tlx + ... + n p and W2 = n p+ i + ... + n p+q . Consider the natural 
projections pi : U( Wl+TOa ) — ► U( w .) given by 

pi : (v!,...,v Wl+W2 ) — ► (vi,...,v Wl ); p 2 : (wi, v Wl+W2 ) — > (v Wl+ i, v Wl+W2 ) 
Then 

p{Q,n u ...,n p [xi,...,x p ) = ( s'l 1 ...Spfydv 1 A...Adv Wl (160) 

0<fei<...<fc p 

(161) 

and 

0<fcp+l<...</Cp+q 

Lemma 9.6 

Pl^ni,...,n p {x\ , ...,Xp) A P2^n p +i,...,n p +g ( x p+li ^p+g) = 
^ni,...,n p+g ( x li ■"! ^P+g) 

Proof. Thi s is obviously true on the formal power series level thanks to 
decomposition (|ll9| ). Th e lem ma is proved. 



Let us define forms (15S) as rational forms with logarithmic singularities 



on Yr w y Just as in the definition of the form ( 150 ), given positive integers 
m, ...,n p+q we split the sequence of variables V\,...,v w into p + q consecutive 
segments of lengths n%, ...,n p+q : 

Si := vi, ...,v ni ; ... ; S p := v ni +...+n p _ 1 +i, v ni +...+n p (162) 
Tlx terms n p terms 

Sp+1 '■ — Vni+...+n p +lt v nx+...+n p +i'i ■■■ ! Sp 



np+i terms n p + q terms 

(163) 

Given a generalized shuffle a G S p-9 we define a new sequence of segments 



by shuffling, according to er, the segments (162) and (163). If a segment Si 
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from ( |162[ ) and a segment Sj from (163) correspond to the same slot of a wc 
put SiSj as a new segment corresponding to this slot. The new sequence of 
segments determines a new ordered sequence (v[,...,v' w ) of Vi's. Denote by a 
the permutation (v%, v w ) — > (v[, v' w ). 

Let us cook up the differ enti al form corresponding to the new sequence of 
segments following the rule fll5C| ), and multiply it by (— l)'""'. It is easy to sec 
that the form we get admits a power series decomposition identical with the 
right hand side of (|l59| ). Thus 



f or a n element | (xi, ...,x v+a ) = (— l)'' 7 '/^ A ... A/£ defined via the rule 

(153) applied to the new sequence of segments. 



Lemma 9.7 The formula in lemma \9.q remains valid for the corresponding 
rational differential forms. 

Proof. Clear. 

Remark. One can prove a stronger statement: the following equality holds 
in the Milnor if-group K^(F(Y {w) )) 

Pl^ni,...,n p \p^li ■••! x p) A P2-Fn p+1 ,...,n p+q { x p+l ? x p+q) 

Fni>...,n p + q ( x l' x p+q) = 

A path 7 be between and 1 provides a relative cycle modulo the algebraic 
simplex B. Let j(C w ) be the closure of its lifting on F( TO )(C). 

Lemma 9.8 Define Li^ n +g (xi, •■■i x p+q) using an integral presentation like 
fy) written for an arbitrary path 7 between and 1 instead of the path [0, 1]. 
Then 

/ £ l ° i _ np+q (x 1 ,...,x p+q ) = U a ni _ np+q {x u ... 1 x p+q ) (164) 

Proof. We work out an example when p = q = 1. The general case is 
completely similar. Consider the shuffle a such that 

U ni,n 2 ( x i> x 2) = Li„ 2i „ 1 (x 2 ,a;i) 
Then if f2„ ljTl2 (x\, Xz) is defined using the sequence 

Si = Vi, V ni ; S*2 = Wni+l) •••) tl rii+ri 2 

the form f2£ „ 2 (^i, £2) is defined using the sequence 

Si = tVii+ri2 ; = Wi, v ni 
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So if we make change of variables 



v 



ni+l) v n 2 



J ni+ri2 j 



V n 2 + 1 ~ U l) u ni+r 



then 



n, 



CL 



where C' w = C n2 . ni (x2, xi) is the corresponding cube in the v[ space. 
The lemma is proved. 
Observe that 

PlCni,...,n p {x\, Xp) X P2^n p+1 ,...,n p+q { x p+l, x p+q) = (165) 
C-n 1 ,...,n p+q ( x li Xp+q) 

It follows fro m (164) that integrating the left and right parts of the formula 
in lemma 9.6 over the cycles located in the left and right parts of the identity 
(165) we get the Li-shuffle relation (120) where all the term s ar e understood 
as iterated integrals along a path 7. A proof of the identity ( |l20| ) for the case 
of multiple (^-values using similar ideas was independently found by P. Cartier 
(unpublished). 

4. Proof of theorem [7". 5| . Let x\, x p + q £ C* are as in ( |126| ). Denote 

by 

^- ,:i ni,...,n p+q ( x 'i-i ■■■J x p+q) 

the equivalence class of the framed mixed Tate motive 



{^ J ^n 1 ,...,n p+q ( x l i x p+q): [C'w] j P ni n p+! (^l J "") x p+q)]j 

where the object itself and the [C^J-component of the frame were defined in 



proposition 



9.4. 



Theorem 9. 9 a) Suppose that Xi G C* satisfy condition l{126\ ) for all terms of 
the formula ( 166 ) below. Then 



I J irii,...,n P ( 2 ' 1 ' X p) ' ^n p+1 ,...,n p+q ( x p+l l •••) x p+q) 

(X\, Xp+q) 



(166) 



^2 Li nu...,n s 
a£Yl P:q 

b) For a generalized shuffle a € E Pi , 



has 



Li 



H,cr 

n 1 ,...,n p+c 



(Xl, ...,X p+q ) — Li CT ( ni) ... 1 „ y+5 )(0'(^l, x p+q)) 



c) Suppose that F is a number field and Xi G F* . Then there are motivic 



■M 



versions of the parts a) and b) where Li is replaced by L 

d) If Hiac F* then there is the l-adic versions of a) and b). 
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Proof, a) Proposition 9.4 allows to interpret the framed object in the left 
hand side of (166) as the object (155) (where w = n\ + ... + n p+q ) with the 
frame provided by the cycle staying on the left of (165), and by the product of 
forms (|160D and (161). Each of the framed objects appearing in the sum on the 



right hand side of (166) has a similar interpretation as the same obj ect (155) 



with the frame given by the cycle class on t he rig ht hand side of (|165| ) and the 
forms W . Thus the statement follow s fro m (165) and lemmas 9J3 and |5.3| . 

The part b) is a Hodge version of (164). To prove it one needs to do a chan ge 
of variables similar to the one which was done in the example following (164). 

c) Follows from a) and b) using the injectivity of regulators, or can be de- 
duced the same way we did a) and b) . 

d) Is com plet ely similarly to a) and b). The theorem |9.9| is proved. 
Theorem (7.5| follows immediately from the part s a) and b) of theorem 9J) . 



The 1-adic and motivic versions of theorem 7.5 follow immediately from the 
parts d) and c). 



10 Proofs of the theorems from Introduction 

1. Multiple polylogarithms Hopf and Lie algebras. Let F be a number 
field and G C F* be a subgroup. Then Z^f(G) is the Q- vector subspace of 
A W {F) generated by the weight w objects 

^^,...,n m ( x ^' —i x m) e A W (F); Xi e G 

and Z^(G) :=® W > Z^(G). 

Theorem 10.1 Z^ A (G) is a graded Hopf algebra. 

Proof. A similar result in the Hodge setting has been proved in theorem 6.12 
of [G7]. Observe that we use the Li-objects, while we have used the I-objects in 



[G7]. However thanks to theorem 7.8 or corollary 7.1C this does not make any 
difference. After that lemma 3.4 from [G7] allows to deduce the motivic version 
from the Hodge one. The theorem is proved. 

Similarly for any subgroup G C F* for any field F such that /i;oo ^ F* there 
is an 1-adic Hopf algebra Z°*(G). If F is a number field it can be defined as the 
Z-adic realization of the corresponding motivic Hopf algebra. 

The depth filtration. It is an increasing filtration F® on the vector space 
Z,(G) indexed by non negative integers. F 7 ^Z^ A (G) is generated by the ele- 
ments Li^ nk (xi,...,x k ) with fc < to. In particular F^Z^(G) = Q. 

Lemma 10.2 a) The depth filtration is compatible with the Hopf algebra struc- 
ture on Z^(G). 

b) A similar result hold for Z° t {G). 
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Proof, a) The Hodge version of this result is theorem 6.12 from [G7]. The 
motivic version is deduced from it using lemma 3.4 in [G7]. 

b) If F is a number field it is deduced directly from a). The general case 
follows from proposition 6.12] . The lemma is proved. 



Just like in section 1.5 we define for an arbitrary subgroup G C F* the 
Lie coalgebra C^ 4 (G) and the Lie algebra G^ 4 (G). We can view them as Lie 
(co)algebras in the category of pure Tate motives, or as a graded Lie (co)algebra 
over Q. The grading is provided by the weight. 

The depth filtration is compatible with the weight grading. Taking the 
associate graded for the depth filtration we get the corresponding bigraded Lie 
coalgebra and Lie algebra over Q: 

C#(G) := Gr D (C^{G)) ; C#(G) := Gr D (C^(G)) 

Equivalently, we can think about them as of a Lie (co) algebras in the category 
of pure Tate motives graded by the depth. 

For a subgroup G C C* the corresponding Hodge Lie algebras C^(G) and 
C. have been defined in chapter 6 of [G7]. There are their 1-adic analogs 
Ct l (G) and C?.(G). 



2 Proof of theorem |1.6| . We need to show that if Xi S fiN then the 
framed mixed Tate motive (|l39| ) lies in A w (Sn)- A priori we know that it lies 
in A w (Q((n))- We employ definition 3.4 of A w (Sn) from [G7]. It is equiv- 
alent to the one provided by [DG]. According to that definition an element 
x e Ai>(Q(Cjv)) belongs to the subspace A w {Sjq) if and only if 

A'(x) := A(x) - (x ® 1 + 1 ® x) e ® 0< k<wA k (S N ) ® A w - k (S N ) 

Then the statement of the theorem follows by induction. Indeed, the isomor- 



phism (|18|) provides the base of induction, and theorem 10.1 the induction step. 
The theorem is proved. 

A scetch of an alternative proof of theorem Recall that a mixed Tate 
motive over Q is unramified outside N if and only if its Z-adic realization for a 
prime / such that (I, N) — 1 is unramified outside IN. The elements of the Hopf 
algebra Z m (/j,n) are the matrix elements (in the sence of section 3.2 in [G7]) 
of the pro-object V M (Gr m — /ijy; v ,vi). So the claim follows from the fact that 
its 1-adic realization P'''(G m — ^jv;t'o,i'i) is unramified outside of IN. More 
directly, we can use corollary [3.12] and the geometric construction of the motivic 
torsor of path given in s. 6.3 to show that V M (G m — Hn] Vq, v\) is unramified 
over Sn- 

3. Mixed Tate categories and their Galois groups. To prove theorem 



1.16 we need to recall below some basic material about the mixed Tate categories 
and their Galois groups, see section 3.1-3.2 in [G7] for more details. 

Let (A4,K(1)) be a mixed Tate if-category, where if is a characteristic zero 
field. It is equipped with canonical fiber functor 

* : M — ► Vect., X — ► ®9 n (X) = ® n Ilom M (K(-n), Gr^X) 
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Forgetting the grading we get the fiber functor ^. Let A be an object of AL A 
choice of non zero vectors G ^2 P (X) and £ ^2q(X) provide a framed 
object (JC,«W,/(«J). 

Definition 10.3 A (A) is £/ie commutative K -algebra generated by the equiv- 
alence classes of framed objects 

[X,vW,fW]£A p - q (M); (167) 

for all pairs of non zero vectors t>( p > £ ^ P (X) and f^ G "J q (X), for all p > q. 

Let us choose for every integer n a basis in ^ n (X). It provides the dual basis 



in \I/„(A) V . Obviously it is sufficient to consider in (167) the framed objects 
corresponding to all basis/cobasis vectors only. 

Recall that according to the Tannakian formalism the category M. is canon- 
ically equivalent to the category of graded finite dimensional A-modules over a 
proalgebraic unipotent group scheme U {M) '■= Aut®^ over K. The equivalence 
is given by the fiber functor \P. In particular the group scheme U(M) acts on 
the graded vector space fy(X), and this action factorizes through a quotient U x 
of U(A4), i.e. U is the image of the group scheme U(A4) acting on \P(X). Let 
X be the mixed Tate category generated by the object X. Then U x = U(X). 

Lemma 10.4 a) A,(X) is a graded Hopf algebra. 

b) It is canonically isomorphic to the Hopf algebra of regular functions on 
U x , so Spec A (A) = U x . 



Proof, a) The graded A- vector space generated by the elements (167) 
is closed under the coproduct by its very definition. Since A»{M.) is a Hopf 
algebra, the statement follows. 

b) Recall that the equivalence between the category M. and the category of 
graded A(A4)-comodules assignes to an object X the graded comodule \&(X) 
with the A(Af)-coaction *(A) ® *(A V ) — ► A,(M) given by 

v ® f i — > the equivalence class of the framed object [M, v, f] 

This immediately implies the part b) of the lemma. The lemma is proved. 



4. The motivic torsor of path on G m — /in and theorems 1.16 and 

[1.17| . Recall ([DG] or chapter 6 above) the motivic torsor of path 

V M (G rn - f i N - 1 v ,v 1 ) (168) 

between the canonical tangential base points vq and v\ at and 1. It is a 
proobject in Mt(Sn)- 

Theorem 10.5 There is canonical isomorphism 

A. {V M {G m -(i N ;v ,v 1 ))=Z^ l { f , N ) 
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Proof. Follows immediately from section 6.3 and lemma 10.4. The theorem 
is proved. 

Proposition 10.6 For any e G {0, 1, oo} there is an isomorphism 

A. (V M (X N ;v ,v 1 )) = A, (n^(X N ;v E )) 

Proof. Let us prove the proposition for e = 0. We will use a shorthand 
Xn ■= G m — //jv- 

Applying the fiber functor ^ to the left action of wf 4 (Xn ; v\ ) on V M (Xjy ; vq , Vi) 
we get a map of graded L,(S Ar)-modules 

*(rf*(X N ; vq)) ® *(V M (X N ; v , — ► «o, 

Let L,(Sjy) be the Lie algebra of the pro-group scheme U(Mt(Sn)) and /.(-X") 
its ideal annihilating ^(X). A non zero vector 70 G ^o^^) provides an 
isomorphism of 7.(7^) -modules I^Trf (X N , v )) ® 70 — > ^(P^(Xiv;uo, 
Thus 

I.{V M {X N ;v ,Vx)) C 7.(7r^(X M )) 

Let us prove the opposite inclusion. Since V M (Xn; Vq, V\) is a right 7^ (Xat; ui)- 
torsor, a choice of an element 7 G ^(T 7 ^) provides a map from L m (SN) to 
7ij (Xjv;«i)- Namely, if 2 G L,(Sn) and 2(7) = 7s; for s; G 7r^ (Xjv;^x), then 
/ 1 — ► ,S(. Its restriction to the ideal /.(tt^ (Xjv, ^o)) is independent on the choice 
of 7, and hence provide a graded Lie algebra homomorphism 

7. (^(Xm-vo)) — >*(7r^(X Ar ;i; 1 )) (169) 

By its very definition it induces an injective map 

/.«(X W ;« )) , ^ TI , M 



I.{P M (X N ;v )) 



^{Tr^(X N ; Vl )) 



Thus to prove the opposite inclusion we have to show that this map is zero. 
Recall the canonical map, "the motivic loop around 1 based at vi": 

a? :Q(1)— 7r^(Xjv;«i) 

Observe that the ideal I,(tt{ a (Xj^; vo)) kills 

7 otf(af (Q(l))°7 _1 Ctt^(X n ;v ) (170) 

Since L,(Sn) kills the loop a^ 4 , using this it is easy to see that the image of 
(169) centralizes ^(aj 1 ). Since 7Ti (Xat; «i) is a free Lie algebra, this implies 
that the image of (169) is contained in ^/(a^ 4 (Q(l))). Therefore it lies in the one 
dimensional subspace of weight —2. So our our claim is reduced to the following 
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elementary fact. Let WipM(X) is the subquotient of X of weights 2p < w < 2q). 
Then 

-4-1 (^[-2,-i] («t*{X N ;v 1 )))=A-i (W hli0] (P M (Xjv5«b,«i))) 



Indeed, we know that the right hand side is genertaed as a Q-vector space by the 
elements log A1 (l — Cn)> wnere < a < A^, and the left hand side is contained 
in the right hand side. So it remains to check that every element \og M (l — 
appears in the left hand side. This follows, for instance, from the results 
of [D], where the polylogarithmic quotient of the Hodge fundamental group 
^(P 1 — {0, 1, oo}; x) was explicitly described. In particular it was shown that 
log w (l — x) appears as a matrix element for an appropriate (Q(l), Q(2))-framing 
on 71-^ (P 1 — {0, 1, oo}, x). Then the map 1 1 — ► t/x provides an isomorphism 

vr^P 1 - {0, 1, oo}; x) = vr^P 1 - {0, oo}; 1) 

The right object is a subobject of ir^(X N ;vi). Thus setting x := Cjy" we § et 
the statement. 

To prove the proposition for other e we proceed as follows. There is an 
isomorphism of L.(5jv)~modules ("reversing the path") 

P M (X N ;v ,v 1 ) =V M {X N] v u v ) 

So interchanging the role of and 1 in the proof above we get the statement for 
e = 1. The involution x i — > x^ 1 on P 1 provides an isomorphism of mixed Tate 
motives 

Trf (X N ;v Q ) ^nf (X N ; Voo ) 

Therefore the statement for e — oo follows from the one for e = 0. The propo- 
sition is proved. 

Recall the pro-algebraic group scheme Spec(Zj v1 (/xjv) over Q. The grading 
on (/jjy) ) provides an action of the group <G m on this group. According to 
lemma 10.4, theorem L0.5| just means that the motivic Galois group acts on (168) 



via its quotient given by the semidirect product of G m and Spec(Z A/ '(^tjv)) 
Proof of theorem [1.17| . Follows immeduately from theorem 10.5 and 



proposition 



10.6 



Remark. Below we wi ll use only the 1-adic version of proposition [10 .6 . 
5. Proof of theorem 1.18| . Let X be a mixed Tate motive over a number 



field F. Denote by L,(X) the image of the motivic Lie algebra acting on ^(X), 
Let Xq t be the 1-adic realization of the motive X. Denote by Q^r the Lie algebra 
of the image of Gal(P/P , (£;°° )) acting on X^ 



Lemma 10.7 There is an isomorphism Q^) = L,(X) (g) Qi, and canonical iso- 
morphism of graded Lie algebras 

Grif£?f =L.(X)®Q l 
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Proof. Follows from the content of section 3.7 in [G4], see especially the 
second half of page 424 loc. cit.. 



Corollary 10.8 There is canonical isomorphism of the graded l-adic pro-Lie 
algebras 

Gr^ } = L.(7rf (G m - m ; Voo ) ® 
Proof. Follows immediately by going to the projective limit from lemma 



10.7 and proposition 10. £ 



The part a) of theorem 1.18 follows from corollary 10.8 and theorem 10.5 
The part b) is also straitforward. 

6. Proof of theorem [l.9| ; the first part. We prove the Hodge case. By 
lemma 3.4 in [G7] it implies the motivic one. The l-adic version follows from 
the motivic one. So we study the map 

We have to check that this map sends the double shuffle and distribution rela- 
tions to zero, and is compatible with the cobracket. 

The relations. We use the list of the relations is given in section 4.1 of [G4]. 
Observe that we used in [G4] the homogeneous notations 

Ini,...,n m (5 , l = •■■ : 9m ■ ffm+l) : = Ini,...,n m (g m +l3l : •■■ : 9m+l9rn) 

So the relation (i) from [G4] is respected by the definition. 

The I-shuffle relations, that is relation (63) in [G4], are valid by the first part 
of lemma 6.6 in [G7]. 

To get the Li-shuffle relation, that is relation (62) in [G4], we notice that 
thanks to theorem |7.8| we have for any Xi 6 C* (with <2j are defined by (§) 

^ni,...,n m (^li x m) ~ I ni ,...,n m ( a l ; ■■■■> a m) 



modulo depth < m terms and products. So using theorem 7.4 we get relation 
(62) in [G4]. 

The distribution relations in [G4] are easily checked either using the general 
method of section 8.2, or directly using the realization described in section 9 
and the specialization theorem. The distribution relations are proved in the 
l-adic setting in [G4], but the proof works in the Hodge setting as well. This 
gives the third proof. 

The normalizing relation Ii(e : e) is true since I w (l) = 0. So we conclude 
that the map ^.(/A/v) is a well defined map of the bigraded vector spaces. 

7. The map v, ,(/xjv) commutes with the cobrackets. The formula 
for the coproduct A in the Hopf algebra Z n (C*) has been computed explicitly 
in theorem 6.5 in [G7], and more specifically in proposition 6.8 loc. cit. The 
coproduct A induces a cobracket in the corresponding Lie coalgebra. We denote 
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it by &u . On the other hand the cobracket S in the dihedral Lie coalgebra was 
defined in section 4.4 of [G4]. Let us first recall the definitions of A and 5. 

The formula for A. For convenience of the reader we recall some definitions 
and results borrowing directly from chapter 6 in [G7] . 

We package the framed Hodge- Tate structures 1^ n (<zi, —,a m ) into the 
generating series 

I w (oi : ... : a m : a TO+ i|*i, ...,t m ) := (171) 

X] 1 ~ 1 —*m m l£ W.[[ti, ...,t m ]] 

t*m-(-l "-m+l 

nj>l 

Following lemma 6.7 in [G7], it is convenient to introduce the homogeneous 
variables (to : t\ : ... : t m ) replacing the variables (t%, ...,t m ): 

l n (ai : ... : a m : a m +i\U : t\ : ... : t m ) := (172) 

O'm+l^ (°1 : ■■■ : a m '■ 1*1 ~ ^0, ---j Un — to) 

By proposition 6.8 in [G7] we have 
AL>! : ... 

in I 

y^I M (a»i : •■■ : «i fc : a TO+ i|t, : ^ : ... : tj k )<8> 

k 

l[((-iy»-H n (a ja : a ia _i : ... : a ia \ -t ja : -t ja -i : ... : -^J. (173) 



a=0 



+ • a i a +i\ L j a ■ H a+ i — 1. 

where the sum is over all special marked colored segment, i.e. over all sequences 
{i a } and {j a } such that 

i a < j a < i a +i for any < a < k, j = i = 0, i k +i = i m +i (174) 



A geometric interpretation of the formula (17 . We picture generating 
series (|172|) by a colored segment where a = 0: 



a Q a : a 2 a 3 a 4 a 5 a 6 



t Q t : t 2 t 3 t 4 t_ 
A colored segment 

The terms of this formula correspond to the so-called special marked colored 
segments: 

a) we mark (by making them boldface) the points a^a^, ...,ai k ;a m +\. 

b) mark (by cross) segments tj ,...,tj k such that there is just one marked 
segment between any two neighboring marked points. 
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4 



to 



A special marked colored segment 

The cobracket 5 : T>„(G) — > A 2 T>,,(G). For the convenience of the reader 
we reproduce the definition given on the page 434 of [G4] . Consider the formal 
generating series similar to (171) 

{51 : ... : g m +i\h ■ ■■■■ ■ t m +i} := (175) 

.,n m (<?l : •■■ : 9m+l){tl ~ tm+l)" 1 1 — (tm ~ ^m+l)"™ 1 

We picture them on the oriented circle. Namely, the circle has slots, where the 
g's sit, and in between the consecutive slots, dual slots, where i's sit, see the 
picture below. The slots are marked by black points, and the dual slots by little 
circles: 




%| t l : ... :t 5> 



Set 

S{gi ■ ■■■ ■ g m +i\h ■■ ... : t m +i} = 

m 

~ C y cle m+i ({51 : •■■ : 9k-l ■ 9k\h ■ ■■■ ■ tk-1 ■ t m+ i}A 
k=2 

{9k ■ ■■■ '■ 9m+l\tk ■ ■■■ ■ t m +l}j 

where the indices are modulo m + 1 and 

m+l 

Cycle m+1 /(a;i,...,a; m+ i) := f(xi,...,x m+i ) 



(176) 



Each term of the formula corresponds to the following procedure: choose a slot 
and a dual slot on the circle. Cut the circle at the chosen slot and dual slot 
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and make two oriented circles with a dihedral words on each of them out of the 
initial data. It is useful to think about the slots and dual slots as of little arcs, 
not points, so cutting one of them we get the arcs on each of the two new circles 
marked by the corresponding letters. The formula reads as follows: 

£(( |176| )) = — (start at the dual slot) A (start at the slot) 

cuts 

The only asymmetry between g's and t's is the order of factors. 




Comparing S H and S. We claim that the only terms in the sum which 
may survive after we kill the products of the weight > 1 terms are the ones 
corresponding to special marked colored segments shown on the two pictures 
below 




More precisely, these are the special marked colored segments where we mark 
every point from ao = to some point a p , then jump on the right and mark a 
point a q and every point after, till we hit the right endpoint a m +i- The cross 
between a p and a q can be either at the very left segment t p , or at the very right 
segment t q -\. 

To check the claim we observe the following. The factors in the product 



( 173 ) correspond to "gaps" between the consequetive marked points. We say 
that such a gap is wide, if it has more then one segment inside, i.e. if there is 
unmarked point inside the gap, as shown on the picture 



A wide gap between two marked points 



The factor of the product (172) corresponding to a wide gap is of weight at 
least one. Thus if there are two such wide gaps on a marked colored segment, 
then the corresponding term dies after we kill the products. Therefore we allow 
to have no more then one wide gap. 
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A cross strictly inside of a gap produces 
a product of two terms of positive weight 



Now let us make a close look at the cross located inside of the wide gap. If this 
cross is not in one of the corner segments, we will pick up two terms of weight 
at least one in the term corresponding to this gap. So the cross must be in one 
of the corner segments of the gap, and we arrive precisely to the marked colored 
segments shown on the two pictures above. 

Let us show that the contribution of all special marked colored segments 
having a wide gap matches the formula for S. Observe that l n (a\t) = a*. If 
there is a wide gap on a special marked colored segment then every other gap 
contributes just 1 to the product formula. Indeed, its contribution is 

l H (a\t) =a t = c at = 1 + \og u a-t+ {\og H a) 2 ■ t 2 /2 + ... 

but any term of weight bigger then zero will multiply the term corresponding to 
the wide gap, and thus their product will be killed by going to the Lie coalgebra. 
Similarly the contribution of the wide gap with the left marked cross is 

(-l) 4 " +1_1 "' Q I W (a 4Q+1 -i : a ia+1 - 2 : ... : a la \ - t ia+1 -i : -t ia+1 - 2 ■ ••■ : ~U a ) 

(177) 



It corresponds to the case j a = — 1 m (173). The contribution of the wide 
gap with the right marked cross is 

I H ( a ic, + l '■ a 'i a +2 '■ ■■■ '■ a i a + i\ti a '■ ti a +l '■ ■■■ '■ ^c + l-l) (178) 

It follows from theorem 4.1 and formula (65) in [G4] that, modulo the double 



shuffle relations, lower depth terms and products the element (177) is equivalent 
to the element 

- I W (ai Q : ■•■ : a la+1 - 2 ■ a ia+1 -i \U a+ i : t ia+2 ■ ■■■ : U a ) (179) 
Observe now that the map ^.(/ijv) is described geometrically by the picture 
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Now it is easy to check that the contribution of all special marked colored 
segments having a wide gap matches the formula for S. Namely, the two ways 
to mark by cross the wide gap produce the following two pictures. The first one 



corresponds to (179) 




and the second one to (|178| 



a 1 b l b 2 a 2 a 3 a 4 



L i u l 



t, u, u 2 t 2 t 3 




Observe that the minus sign in (179) comparing to the plus sign in (178) agree 
with the fact that the order of the terms on the first picture is different from 
the one prescribed by formula ( |176| ). So interchanging the terms we get a minus 
sign as well, in according with minus sign in front of (176). 

So far we did not use the fact that S /i^r. Now let us use it to show that 
the contribution of the unique special marked colored segment with no wide 
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gaps is zero. Indeed, \og n x is an ./V-torsion element if x N = 1. So working over 
Q (or at least modulo TV-torsion) we have \og n x = 0. Thus 

x l := cxp(log w x ■ t) = 1 provided x N = 1 

and hence there is no contribution from this term to the restricted coproduct 
A', and hence to S H . We proved that the map v ^Au n) commutes with the 
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cobrackets, and hence finished the proof of theorem 

Remark. The very definition of the cobracket in the dihedral Lie algebra 
given in chapter 4 of [G4] emerged from the calculation of the coproduct for the 
framed multiple polylogari thm H odge- Tate structures. 

8. Proof of theorem 1.12. We start from the w — to case 



Proposition 10.9 The dual to the map v^lifJ-N) from theorem induces 
isomorphisms 

C ^m(^) = D m ; ra(^) /or 771 = 1, 2, 3 

Proof. For m = 1 this is given by the classical Bass theorem on cyclotomic 
units. The m — 2 case can be deduced from lemma 7.11 in [G4], which claims 
that this is true after tensoring by Qj. In fact using theorem [O^ it is easy to 
translate the the proof of that lemma into motivic setting. 

In the m = 3 case we observe that it follows from from section 7.7 [G4], 
see in particular isomorphism (172) there, that the subspace of C_3 i _3(/x p ) 
generated by the triple commutators of elements in C_i i _i(/i p ) is isomorphic to 



s(Mp) C 



On the other hand by theorem 1.9 there is an inclusion C_3,_ 
The proposition is proved. 
Theorem 1.12 in the case N = 1, m = 1 just claims that C, M (2n) = and 
( M (2n + 1) ^ 0. In the Hodge realization both assertions are well known: the 
first follows from the distribution relations (for 1 = 2), and the second from the 
fact that the real period of C n {2 n + 1) is not zero. 

In the N = \ theorem 1.12 follows from theorem 2.4 (when m = 2) and 
theorem 2.10 (when m = 3) in [G4]. Indeed, those tw o the orems prove si milar 



results in the 1-adic setting, and so thanks to theorem 1.18 imply theorem 1.12 
for N = 1, to = 2, 3 cases. In fact by repeating the arguments used to prove 
theorems 2.4 and 2.10 in [G4] we get a direct proof of theorem 1.12 in these 
cases. 

Proof of theorem 



9. 



1.15 



Combining proposition 10.9 with formulas 
(169)-(170) in [G4] we get theorem [L15|. 

Remark. One should correct the apparent misprints in (169)-(170) in [G4] 
by changing Hj w 2) to H} 2) and H l (w 3) to H\ 



*(3)- 



Let d *w,m(p) 



dimC ^m(^p)- 



Corollary 10.10 One has for prime p > 5 
(p-l)(p-5) 



d *2.2(p) 



12 



d 3, 3 (p) 



(p~5)(p 2 -2p- 11) 
48 
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Proof. This is the motivic version of the corollary 2.16 refined in the depth 
three case. The proof goes just like the proof of that corollary in chapter 7 
of [G4], but now in the motivic setting. Namely, we calculate the Euler char- 
acteristic the (m, m) part of the standard cochain complex for the Lie algebra 



C,,(fi p ) using theorem 1.15 



Observe that for i = 2, 3 the group H l (Ti(3;p),Q) contain the mysterious 
cuspidal cohomology subgroup H^ usp (Ti(3;p), Q). There is no closed formula for 
its dimension, but thanks to the Poincare duality the cuspidal cohomology for 
i = 2 and i = 3 cancel each other in the computation of the Euler characteristic. 



As a result we were able to get a closed formula for d% 3 (p) . The corollary 10.10 
is proved. 

10. Proof of theorem [l.8| . By theorem 1.8 in [G7] there is canonical 
surjective homomorphism 

— Gr w Z( m ) 

Let us choose a complex primitive iV-th root of unity. Then thanks to theorem 
|7.1l| a) the Hodge realization functor provides a surjective homomorphism 



N) 



By theorem 1.6 Z^^n) is a subalgebra of A^(Sn)- The theorem is proved. 



11. Understanding Z,(Sjsr)- It would be very interesting to calculate 

d w (N) := dimZ w (S N ) and d w , m (N) := dimGr^Z^SW) 

as functions of N for a given (w,m). According to Deligne [D2-3] A»(Sn) can 
not be smaller then Z^ 4 (fj,N) for N = 2, 3, 4. This plus theorem |1.6| yields 

MSn) = Z?M for N = 2,3,4 (180) 

According to [G2] or [G4] this is not true for sufficiently big N, e.g. for prime 
N > 5. The case N = 1 remains open, as well as the case N = 6. 

Conjecture 10.11 If p is a prime then d w {p) and d w , m (p) are polynomials in 
P- 



For p = 2, 3 this follows from (180 ) 



Conjec ture 10.11 is equivalent to a similar statement about d^ m (p). Corol- 
lary 10.10 supports it for m = w = 2 and m = w = 3. According to the results 
of [G10] we have the same situation for m — w — 4. 

12. Proof of theorem |1.10| . We need to check the second isomorphism. 
The crucial fact is the following formula for the coproduct of the classical poly- 
logarithm motive. 
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Theorem 10.12 Let F be a number field. Then for any x € F one has 



n— 1 /-, M \k 

ALtf (x) = Li^ (x) ® 1 + 1 ® Li^ (*) + ]T Li£* (*) ® 

fc=i 

Proof. In the Hodge version this result is well known, see for instance 
chapter 5 of [G7]. Using lemma 3.4 from [G7] we transfer it to the motivic 
setting. The theorem is proved. 

It follows from this that for any root of unity £ the element Li^ /! (C) is prim- 
itive (observe that it lies in the Q- vector space). Thus it provides an class 

Li^(C) S Ext^O),®^)) - K 2n ^(Q(C)) ® Q 



For n = 1 theorem 1.1C| is classical. Assume n > 1. Let a be a residue modulo 



N. Consider the classes 

Li^(G); (a,N) = l, l<a<N/2 (181) 
Using the distribution relations we check that these classes span the space 



genertaed by Li„ (Cn) f° r a ^ a - ^ e c l a i m that the elements (181) generate 



^2n-i(Q(C)) ® Q- We need only to check that these elements are linerly inde- 
pendent. Thanks to lemma 3.4 in [G7] this can be done in the Hodge realization, 
where it is well known and established using Dirichlet's f ormu la for CQ(^ N )( n ) 



plus the fact that this special value is non zero. Theorem 1.10 is proved 



13. The weak version of Zagier's conjecture on the special values 



of the Dedekind £ functions at s = n. It is deduced from theorem 10.12 
using the arguments given in [BD1], or section 12 of [Gl]. Another proves has 
been given in [BD2] and [D J] . 



11 Apendix: Li-shuffle Hopf algebras 

We define for an arbitrary commutative group G a commutative graded Hopf 
algebra Sh, 1 (G). Its generators are the symbols 

Li ni ,...,„ m (xi, ...,Xrn); Xi<EG, rii £ Z + (182) 

The relations are given by the Li-shuffle product and the inversion formulas. 
The formula for the coproduct A in this Hopf algebra was suggested by the 
formula for the coproduct in the multiple polylogarithm Hopf algebra Z, (C*) 
obtained in [G7]. The inversion formula reflects the one obtained in s. 2.6 in 
[G7]. The key result is that the Hopf axiom holds. This enables us to give 
another proof of the motivic Li-shuffle relations for generic parameters Xi. 

1. The Li-shuffle relations revisited. Recall the generating formal power 
series for multiple poly logarithms: 

Li(xi , . . . , X nl \t i , . . . , £ m ) . ^ ^ I J l 7lljfifjTlm (xx ) •*•) ^m)^X '"^m 

ri,->0 
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The Li-shufflc relations for these generating series look as follows: 

Li(xi , X m \t\ , .. ., tni) • Li(x m +i , Xm+n \t m +i , .. ., t m ^_ n ) = (183) 

<xe£ m ,„ 

We need to make explicit the term Li CT (— |— ) corresponding to a generalized 
shuffle a. For example 

Li(a;i|ii) ■ Li(x 2 |t2) = Li(xi,x 2 \ti,t 2 ) + Li(x 2 , X\ \t 2 , 
1 



Lii(a;iX2|£i) - Lii(xia: 2 |i 2 ) 



ti-h 

Recall that a generalized shuffle of two strings 

{xi,...,x m } and {y 1 ,...,y n } (184) 

is given by the following data: 

i) A pair of subsets /, J where 

1 = {1 < h < - < i P <m}, J = {1 < ji < ... < j p < n}, p>0 (185) 
providing p special pairs [x^ 1 yj 1 ) 1 (xi p , yj p ). Then each of the complements 
{xi, ...,x m } - {x ll , ...,x ip } and {y x , y n } - {y jl; y jp } 

is a union of p+ 1 substrings (some of them might be empty). 

ii) A choice of p + 1 permutations <7q, <r p , where <ii shuffles the elements 



of the i-th substrings of (184). 
Consider the operator 

Dij f(xi, Xj ij) . — — {^J {^XiXj\ti) f^XiXj \tj)^j 

A generalized shuffle a provides a well defined usual shuffle a' obtained by 
shifting a bit to the right the y variables in each special pair. For a usual shuffle 
a 1 the element Li CT /(— |— ) has an obvious meaning Set 

Li(j (xi , . . . , x Ta j rn \ t\ 7 . . . , t m ^ n ) . — D^ 1 j 1 . . .Dj /p j p Li(j' (x \ , . . . , x m -\- n \t\, . . . , tm+n) 



We say that a generalized shuffle has depth — p if \I\ = \J\ = p. Denote the 
subset of all such shuffles by T? m n , so T, m . n — U p >oS^ n . 

2. The Li-shuffle Hopf algebra. Let G be a commutative group. We 
are going to define a commutative algebra with unit Sh^(G) the over Q. By 



definition it is generated by the symbols Li„ lj ... j „ m (a;i, ...,x m ), as in (182). To 
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present the relations we need to introduce some notations. Let us package the 
generators into the formal power series in tf. 

Tli>0 

Let xo---x m = 1. We will also use notations 

Li(*,a;i, ...,x m \t : ... : t m ) = Li(x ,xi, ...,x m \t : ... : t m ) := (186) 

Li(a;i, ...,x m \t\ - t , t m - t ) 
Let log(x) :— Lii(x _1 ) — Lii(x). We employ the notation 

x t ._ e t.iog(x) . = 1 + log (x) — ; B(x\t) = x*/t 

n>0 n ' 

Relations 1. The additivity of the formal logarithm. Then 
log(xy) = log(x) + log(y) for any x,y e G 

2. The Li-shuffle product relations. 
Li(* \to '■ h ■ ■■■ ■ t m ) ■ Li(*, 

1*0 : *1 : •■• : tm+n) (187) 

ff€S m ,„ 

where a shuffles the variables t\, ...,t m + n - Set 

m 

^(-ir'LK*,.^,...,^ 1 ! : : - : (188) 

B(xi...x m |ij) • Li(*,a;j + i, a; m |tj : : •■■ : *m) (189) 

Remark. If G = {z e C*; |z| = 1} the inversion formula is a formal version 
the inversion formula derived in section 2.6 of [G7]. 

3. The inversion formula. 

m 

E(-l) : 'Li(a;T 1 , ..^a^ -1 ) - t,-, -i^Lifo+i, ...,a: m |ij + i, ...,t m )+ (190) 

— 7 — Li( x j-ii •■•! x i 1 | — 1 5 •■•! — *i) ' Li( x i+ii ■•■> x m\tj+i, t m ) 
0=1 j 
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Definition 11.1 We define a linear map A : Sh^(G) i — ► Sh^(G) (g> ShY(G) 
by 

ALi(x ,xi, ...,a: m |io : h ■ ■■■ ■ t m ) = 

■ i-lY p - ip •Li(*,^ 1 _ 1 ,-,<l ~t jp : t jp , : : -*,,)• (191) 

Li(*,x jp+1 ,Xj p+ 2, ...,x lp+1 -i\t 3p : t jp+1 : ... : ^ p+1 -i)J (192) 
where the sum is over all sequences {i a } and {j a } satisfying conditions 

i a < ja < i a +i for any < a < k, j = io = (193) 
Observe that this map is well defined on the generators. This is not granted 



for free by the formula for A since, according to definition (186), the shift t 



ti + t does not change the generating series Li(£o,£i, ■■■,x m \to : t\ : ... : t m ). 



However since xq ■ ... ■ x rn = 1 it also does not change formula (191): one has 

Theorem 11.2 A is a well defined homomorphism of algebras. 

Proof. This statement is equivalent to a collection of statements, one for 
each weight w. We will use the induction on w. 



Let Sh^iG) be the graded vector space generated by the symbols (182) 
subject to the relations 1 and 3. One shows that the formula for A provide a well 
defined map of graded linear vector spaces A : Sh\ { {G) i — > 5/i^(G) ® ShY(G). 
We left the details to the reader. 

Now we need to handle the shuffle relations. This is the complicated part 
of the proof, and we provide a detailed account of it. We picture a generator 
Li(xo, x m \to : ... : t m ) by a segment subdivided into m + 1 arcs labelled 
by (xi\ti). Every term of the formula for the coproduct of this generator is 
determined by the following geometric procedure: we subdivide this segment 
into a union of k + 1 little segments, each being a union of arcs. We mark (by 
cross) an arc on each of these little segments. We assume in addition that this 
marking is special, i.e. in the very left segment we always mark the very left 
arc. 

The product 

Li(*,xi,...,x m |io : h ■ ••■ : tm) •Li(*,y 1 ,...,j/ n |t : s x : ... : s n ) (194) 

is given by the sum of the terms corresponding to the generalized shuffles of 
symbols (xi\ti) and (yj\sj). More precisely, a given generalized shuffle of depth 
— p provides 2 P terms in the formula. Thus applying A to this sum we get sum 
of the terms corresponding to the following data: 
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a generalized shuffle for (194) P^ us a choice of one of the 2 P related terms; 
a subdivision of the corresponding segment into little marked segments. 
Choose integers 1 < a < b < m and 1 < c < d < n. Then there is the 
following subset of x^s and y/s: 

{x a , ...,a;b_i} U {y c ,y c +i, -~,yd-i} (195) 

Consider all the terms which correspond to the above data such that the product 
of Xi's and yj's on the p-th little segment equals to the product of elements in 
(195). Then there are four possible types of marking of the p-th little segment: 

i) (xi\ti), ii) (Vj\sj), hi) (x l y j \U) iv) (x l y J \s J ) 

where a<i<b,c<j<d. The corresponding left factors of the terms in the 
coproduct look as follows: 

Li< W, .,,.)] .,, : /, : ...) (196) 

Li(..., X a _> b ■ Y c ^ d , ...\... : Sj : ...) 

Li< W, .,,■):. ., : /, : -)—^— (197) 

ti Sj 

^ 1 
Li(...,X a ^ b ■ Y c ^ d , ...\... : Sj : ...)- 



U 

Let us assume first that a < b,c < d. We claim that then the sum of the terms 
in the formula for A over all generalized shuffles with the markings of p -th little 
segments of types i) (i.e. in the left factors of these terms are as in ( |195| )) equals 
to 

d-l 

(^^(^^•^^•(^(-lr+^-^.Li^,^,...^- 1 !-^ : : - : -*«)' 

k—c 

LiC*!^ 1 ! ■■■iVc 1 \ - ti : Sk ■ ■■■ ■ -s c ) ■ Li(*,2/fc+i, -,yd-i\U ■ s k +i : ... : Sd-i) 

(198) 

Li(*, Xi+i, Xb-i\ti : t i+ i : ... : i6_i)J • JJ (contribution of q-th little segment) 

To check this formula at any given weight w we may use the shuffle product 
r elat ions of weights < w. Consider the generalized shuffles related to product 
( 194 ) where in addition the arcs on the p-th little segment located on the right 
of (xi|tj)-arc are labelled by the elements of {xj+i, ...,Xb-i} U {yk+i, yd- i}- 
Then using the shuffle product formula we see that contribution of factor (192) to 
A( sum of such generalized shuffles) is (factor 3) x (factor 4) in the sum (198). 
The use of the shuffle product formula here is legitimate since we proceed by 
induction, and we may assume that the left factor has a nonzero weight. 
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The same kind of arguments, which take into account the signs in (191), 
show that (191) contributes (factor 1) x (factor 2) in the sum ( |198| ). Formula 
( p98| ) is proved. 

A completely similar considerations for the terms of type iii) lead to a similar 
to (|198|) formula where the (factor 2) x (factor 3) is replaced by 



1 



Li(*>2/ fc -p -,y c 1 \-t i : -Sk-i 



-s c )- 



(199) 



U - s k 

Li(*,2/fc+i, —,Vd-l\U ■ Sk+i : ... : Sd-i) 
By the inversion formula ( |190| ) 

d-1 

J2 (dH) + (factor 2) -(factor 3) in (Q) = B(y c , y d -i\s c - U, s d -i - U) 

k—c 



Using definition (188) we see that 



Y*\ d B(y c , :.,Vd-i\sc ~ U, —, Sd-i - U 



d-1 



Y 



Y^(-iy- c -^- ■ U(yj\, ....y- 1 !^ - Sj - U Sj s c )- 

Sj H 



3=c 



Li (2/j+i, -,yd-i\sj+i - sj, Sd-i - Sj) 
Therefore ( 198 ) plus a similar expression for the type iii) terms equals to 



• Li K-\, -^a 1 !^ - - *»)■ (200) 



Li(a;i+i, Xb-i \U+i — U, •••> %-i — ti, 



(E 



(-l) j c Y c % d ■ UiyA, ...,y c x \sj - Sj_i, Sj - s c )- 



Li(%+i, ...,2/d-i|s j+ i - s d -i - Sj) 

The remaining two cases, when the labels are of types ii) or iv), arc handled the 
same way. 

The computation of the contribution in the case when a = b or c = d is 
trivial. 

Comparing this with 



ALi(*, xi, ...,x m \t : ti : ... : t m ) ■ ALi(*, j/ ls ...,y n |i : «i : ■■• : s n ) 
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we get the same result. Indeed, this expression lives in Shi(G) €5 Sh{(G), and 
the left factor is 

^ ; Li(-Xi — >»i , Xi k _ 1 ^i k \ tj a : ... : tj kl ) ■ Li(3^— , — »ij ■ ■■■ ■ s j' l _ 1 ) 
where the sum is over all sequences i a ,j a and i'p,j'p satisfying the condition 



(193). Let us write this as a sum over generalized shuffles, and take a term in 
the sum we get. Then the arcs on the corresponding segment are labelled either 

by 

(X a _, 6 • Y c ^ d \U) or {X a ^ b ■ Y c ^ d \sj) where a <i <b, c < j < d (201) 



or by {Xa^blti) or (Y^d|sj). In the first case in ( |20l| ) the corresponding term 
in Sh^^G) <g> Sh.^G) is given by (pOO). The matching pattern in the second 



case in (201) is completely similar. The other two cases are trivial. The theorem 
is proved. 

Theorem 11.3 ShY(G) is a well defined commutative algebra with the coprod- 
uct A and the product given by the Li-shuffle formula. 



The key ingredient of the proof, the Hopf axiom, is given by theorem 11.2 
To finish the proof it remains to check that A is coassociative, i.e. A o A = 
We leave the details to the reader. 



3. Another proof of theorem 7.5. Theorem 11.2 implies that applying 



the restricted coproduct A' to an element presenting the left hand side of the 
weight w Li-shuffle or inversion relation we get zero modulo the Li-shuffle and 
inversion relations of weights < w — 1, plus the obvious additivity relation 1. 



This plus lemma 8.2 immediately imply that in the Hodge or etale setting the 
corresponding element is a constant. Let us taking specialization along a curve 
from the generic point to to x\ = ... = x rn = 0. We claim that the first column 
of the period matrix tends to the column (1,0, ...,0) when Xi — > 0. Indeed, it 
follows from the given in chapter 5 of [G7] explicit description of the variation 
of Hodge- Tate structures related to multiple polylogarithms that the weight w 
entry of the first column of the period matrix is given by a function of the shape 

Lifej ,fe2,...(^l ' ••■ • x ii j x ii+l ■ ■■• ' x ii+i 2 i •••) W ~ ki + ... + k m 

Moreover we may assume all of them are given by the convergent power series. 
Thus if w > each of these functions obviously goes to zero as Xi — » 0. Thus 
the equivalence class of the framed object obtained after the specialization is 
zero. Therefore the constant is zero. So the theorem follows. 

There is a natural homomorphism of Hopf Q-algebras Sh^ l (C*) — ► H,. 

4. Reamrks on an integral version of the inversion formula. Our 
definition of B(x\t) was motivated by Kronccker's formula 

-oo<fc<oo ^ ' n>0 



ll.s 



Here {ip} is the fractional part of <p. However this formula and B{x\t) := 
x f /t agree only if we suppress all the Bernoulli numbers except Bq = 1 from 
Kronecker's formula. The discussion below shows why this definition of B(x\t) is 
meaningful if we work modulo torsion, and how one can try to make it integral. 
The classical formula for the Bernoulli numbers 

B 2n := -(2m)- 2n 2{2ny.((2n) 

suggests the following definitions 

< := -2(2n)!C M (2n); := log^-l), B$* := 1 

BfQog^x)) :=E0<(log^(x))- fe 
B M (x\t) -^^B^^ix))^- 

n>0 

Here the objects we introduce belong to the abelian group of framed mixed Tate 
motives. This group is supposed to be defined integrally. We are not discussing 
below how to define this group. Its 1-adic realization should be given by Galois 
Z;-modules. Its Hodge version is given by the equivalence classes of integral 
Hodge-tate structures. So "the motivic Bernoulli numbers" B^ 4 are no longer 
numbers but rather weight n framed mixed Tate motives, which are torsion 
elements for n > 0. 

We claim that one has the inversion formula 

U M (x\t) - U M {x- 1 \ - t) = -B M (x\t) 

For example 

Lif (x) - Lif (x- 1 ) = - logf (1 -x)+ logf (1 - x- 1 ) = 
-log^(x) +logf (-1) = -fl^log^a;)) 

Further 

Lif (x)+Li? (x- 1 ) = -i((log^( 2 ;)) 2 +21og- M (-l).log^(x) + <) = 

-\(i\o g M (x)f+B?) 

since 2\og M {— 1) = 0, and so on. 

The formula we want to demonstrate has been checked in the example above 
for n = 1. At x = 1 this formula is trivial for odd n > 1, and boils down to 
identity 

Li£(l) + Li£(l) = -7^tt< 
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which is clear by the very definition of the Bernoulli framed motives B^ 4 . Thus 
it remains to check that it is killed by the restricted coproduct A', which we do 
by induction using the following formula (see [G7]): 

A'U M (x\t) = Li M (x\t) ® (ar* - 1) 

Namely, 



A 



'(lA M (x\t) - Li^x- 1 ! - t)) = (Li M {x\t) - Li^Or- 1 ! - i)) ® (x l - 1) 



so using the induction assumption we can rewrite this as — B M {x\i) <£> (a;* — 1). 
It remains to notice that observing A'{B^) = it is easy to check that 

A'(-B M (x\t)) = -B M {x\t) ® (s* - 1) 

The theorem is proved. 

The following result provides the integral motivic version of the inversion 
formula fll9Cj) . 



Theorem 11.4 The inversion formula ( 19C ), where Li is changed to Li M , and 
B(x\t) :— B M (x\t), holds for the depth m motivic multiple polylogarithms. 

There are three different proofs of this result: 

1) Argue as in the proof of the previous theorem. 

2) Take the proof of proposition 2.7 in section 2.6 in [G7] and make it motivic 
following the same ideas as in chapter 9. 

3) Follow the proof of theorem 4.1 in [G4] and use the motivic double shuffle 
relations. 
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